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1. Introduction 

Within the experimental programme of the forthcoming Large Hadron Collider, and 
the exigencies of efficient ways to analyse huge amounts of data, perturbative QCD will 
play the role of precision physics. To dig out interesting signals we must be able to dis- 
tinguish them from backgrounds, largely dominated by QCD processes. In order to have 
enough theoretical accuracy for comparisons against the experimental counterpart, one- 
loop (and even higher) many-leg amplitudes of several QCD processes are needed 
However, the calculation of next-to-leading order (NLO) amplitudes is extremely difficult; 
within the current status of the available analytical results, 'many legs' means five P] as re- 
garding QCD corrections and six as for electroweak. The most recent theoretical efforts 
for tackling the one- loop multi-leg amplitudes have been using algebraic/semi- numerical 
approaches [^. 

For the analysis of jet-events produced at the high energies of the LHC, it is mandatory 
to overcome the bottleneck of the one-loop six-gluon amplitude. 

Although it is very difficult to calculate QCD amplitudes, various methods have been 
developed to attack this problem. One efficient approach is the unitarity cut method with 
the spinor-helicity formalism [H,0J|] (a review may be found in 0). It is shown in |]3|, |T0| , pT| 
that one-loop amplitudes with all external gluons and a gluon circulating around the loop 
can be decomposed into following three pieces (the so-called supersymmetry decomposi- 
tion), 

^QCD ^ ^Ar=4 _ 4^A^=1 ^ ^scalar ^ ^^ -^^ 

where ^Q^d ^jg^otes an amplitude with only a gluon circulating in the loop, A''^^^ has 
the full Af = 4 multiplet circulating in the loop, A^^^ has an A/" = 1 chiral supermultiplet 
in the loop, and ^^^aiar y^^^ only a complex scalar in the loop. This last term is sometimes 
referred to as A-'^^^. 

The main advantage of this decomposition is that supersymmetric amplitudes, A^^'^ 
are four-dimensional cut-constructible [|TO| , pT[| , meaning that they do not suffer 
any ambiguity due to the presence of rational terms; they are completely determined by 
their finite unitarity cuts. 

However, the term ^^'^^.lar ^g^j^j^Q^ ]-,g completely reconstructed from its absorptive part, 
and the presence of rational functions of the kinematic invariants make its calculation quite 
involved, though still simpler than the full A^'^^. In fact, it is our aim in this paper to 
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complete the program introduced in to give a systematic way to evaluate the cut- 
constructible piece of The determination of the rational terms could perhaps 



be later achieved by implementing the recursive technique introduced in |]T^|T^,|T5[ . An 
alternative is to apply the unitarity method in (4 — 2e) dimensions, for there the entire 



amplitude is cut-constructible [16 



Our systematic method to deal with the jX^'^^^^"^ part is related methods and ideas 
from the twistor string theory initiated in [l7| and further developed in |18,19,p0|,21]. In 
particular, we make heavy use of the new way to write phase space integrals and perform 
the integration given in The algorithm initiated in and developed here reduces 

phase space integration to algebraic manipulations. 

With the complete algorithm developed in this paper, we calculate the (heretofore 
missing) cut-constructible part of the NLO six-gluon amplitudes in QCD. 

1.1. The Current Status of Amplitudes 

Under the separation given by ( |1 . Ij ) , the unitarity method established itself as an effec- 
tive means of computation [ p!0| , p!l| , [2^ , p5| , |26|j27| , p8| . This method has been applied success- 
fully in several contexts, supersymmetric [^|TT|J5^,^,^,0 as well as nonsupersymmetric 



PT] , P^ , |5^J23| ] ■ A recent innovation making use of leading singularities, allows a 

simple determination of coefficients of integrals associated to box topologies, without any 
explicit integration.! Some related methods are the use of MHV diagrams in the cut cal- 
culations and the use [0,|3^,^ of the holomorphic anomaly |]2^ to determine certain 
cut integrals 

Although supersymmetric multiplets contain more particles, the reading of the QCD 
amplitudes in this supersymmetric fashion introduces a degree of simplicity in terms of 
computation. 

The simplest term is the contribution of an A/" = 4 super Yang-Mills multiplet. The 
A/" = 4 amplitudes can be expressed as a combination of scalar box integral functions 
with rational coefficients [jl^. These coefficients have been evaluated in a closed form for 
the case with maximal helicity violation (MHV), namely helicity configurations where two 



^ For a review, see [22| and its citations. See also [ p3[ . 

^ With the unitarity method, tree-level amplitudes are the bricks of the cut integral. Off-shell 
recursion relations |3S,34| are a well-known method to construct trees. As valid alternatives, 
there are two new efficient techniques, exploiting the on-shellness of the amplitudes: the MHV 



diagrammatic rules of and the on-shell recursion relations of |35,36|. 
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gluons are of negative helicity and the rest are of positive helicity |1C,37|, and for the 
case of next-to-MHV (NMHV) amphtudes |l3,|8|,||,|8|,|3 • The ingredients here are the 
Parke- Taylor tree- level MHV amplitudes [|33,3^]. 

In the case of an A/" = 1 chiral multiplet, the all-n one-loop MHV and one-loop six- 
gluon amplitudes are known [1TT1 , |37| , ^^ , |4^ , |T2 . 



As we have said, the most difficult part in the decomposition (|1.1J ) is ^^^aiar pg^^.^^ which 
is known only in special cases. All amplitudes with at most one negative-helicity gluon 
were computed in [^Q,^. The cut parts of the MHV amplitudes are known ||Tl| , p!0| , ^ 



for an arbitrary number of legs. Very recently an explicit form of the rational functions 
has been presented for the all-multiplicity MHV amplitude in which the negative-helicity 
gluons are adjacent |l^,15|. AH box coefficients of the six-gluon amplitude are given in 
ji^ . All cut-constructible coefficients of one-loop amplitudes where the gluons are ordered 
in two adjacent bunches of opposite helicity (a 'split helicity' configuration), for A/" = 
and A/" = 1, have been computed in |]47[] . 

To achieve the complete calculation of ^'^caiar ^^iq six-gluon amplitude, there are 
two possible paths to follow. The ffist is to apply the unitarity method in (4 — 2e) dimen- 
sions instead of four [^. Cases with four external particles, and up to six, in special helicity 
configurations, have been worked out along this way [^li^j3^ , p5| , ^ . Recent progress in 
deriving the tree-amplitude ingredients has appeared in p0| , |5l| , ^ , |53| , [5^ , ^ . Alternatively, 
one can split into a cut-constructible piece and a remaining rational function, and 

tackle these two pieces separately. The reason is as follows. Due to a better understand- 



ing of the recursive structure of QCD amplitudes, at tree level [p5| , |36[| and at one-loop 
||56|| , and exploiting the knowledge of their coUinear and soft-behaviour, it has recently 
been shown |T3| , p^p!5| that the rational term of one-loop QCD amplitudes does have, in 
itself, a recursive character: given the knowledge of the coefficients of the logarithmic and 
polylogarithmic terms of an n-point amplitude, the leftover rational coefficient has been 
reconstructed by feeding into the recursion the rational coefficients of the {n — l)-point 
amplitudes which represent the all-channel collinear limits of the n-point one. Thus, if we 
calculate the cut-constructible part, we can try to obtain the corresponding rational part 
by recursion relations. Combining the results, one might obtain the complete answer for 

^scalar 
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1.2. The Plan of the Paper 

The plan of this paper is as follows. In Section 2, we give the general setting for 
our paper. We exploit the divergent behavior of the amplitude to reduce the size of the 
basis of known integrals. Then we analyze the structure of our phase space integration. 
We show that we can neatly divide contributions into rational and logarithmic parts. For 
the logarithmic parts, we show where the three-mass triangle and four-mass box functions 
show up. Furthermore, we give our general strategy to reduce integration to algebraic 
manipulation. Specifically, we show how to read out residues of higher-order poles, which 
is one of the most important steps in this procedure. 

Starting from Section 3, we describe the calculation of the cut-constructible part of 

^scalar 

six-gluon scattering amplitudes. Section 3 is dedicated to the helicity configura- 
tion (1~, 2^, 3^, 4+, 5"*", G"*"); Section 4, to the configuration 2"*", 3~, 4+, 5~, G"*"); and 
Section 5, to configuration 2~, 3"*", 4~, 5+, 6+). 

The results of the rational coefficients of bubble and triangle functions are expressed, 
in compact form, in terms of sums over spinor products. 

Concluding remarks arc given in Section 6. 

We supply the paper with three appendices which contain the main technical details of 
the calculation. Appendix A gives the NMHV tree- level amplitudes which enter the cuts. 
Appendix B contains a detailed analysis of logarithmic contributions in cut-integration. 
In Appendix C, we show how to read out the coefficients of three-mass triangles, which 
require the computation of one-Feynman-parameter integrals, and we define some functions 
we will use throughout the manuscript. 

We leave to future work the automatic implementation of the whole algorithm for 
providing the numerical counterpart of our results. That would allow numerical checks 
of our results against those already existing in the literature. The non-uniqueness of the 
expressions in the framework of the spinor formalism, due to hidden identities among spinor 
products, (e.g. Schouten identities and momentum conservation), can make direct analytic 
comparison quite difficult. Currently, spinor algebra manipulation is frequently carried out 
in Mathematica, while the final integration, employing the Cauchy residue theorem and, 
when needed, one-Feynman-parameter representation, has not been automatized. 
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2. General Setting: Preliminaries 

In this paper, we freely use the word 'amplitude' to refer to the cut-constructible part 
of for the leading-color partial amplitude of gluons. 

Our purpose is to expand and develop the procedure introduced in |T^, so we shall 
not repeat all the background information here. Rather we shall mainly just point out the 
new features showing up in this application. We also make use of the same notation and 
conventions as in fl^, which follows the spinor-helicity formalism and conventions 

of [0. In particular, in the following calculations we generally omit an overall factor of 



—I 



(4^)2-^ 



(27I-)4-2e • 

By reduction techniques, the cut-constructible portion of the amplitude may be ex- 
panded in a basis of scalar integral functions known as boxes {I 4), triangles (/a), and 
bubbles {h) 



\„^'rn jlm , 2m e r2m e i 2m h r2m h , „3m r3m i 4m r4m\ 
' 4 4 T~'--4 -'4 ~rf-4 J-/^ "rC^i^ -v 1 ^ J . 

This defines what we mean by the cut-constructible portion of the amplitude. Here e = 
{4 — D)/2 is the dimensional regularization parameter, /x is the renormalization scale, and 
rr is defined by 

^ r(i + .)r'(i -.)^ 

r(l-2e) ^ ' 

The sum runs over all the cyclic permutations within each type of integral. 

For a gluon amplitude with a complex scalar in the loop, the infrared and ultraviolet 
singular behavior is ||5^ , p9| , |60[ 

/I scalar I a tree (O "i^ 

Isingular — ^^(^/^^'j2-e ' V^-'^J 

Because the divergence has exactly the same e-dependence as ^^^^| singular, we may follow 
the same argument as in [|12| to express the amplitude in terms of a smaller, modified basis 
of scalar integrals with no one-mass or two-mass triangle functions: 

A scalar „3m r3m i _lm rim i _2m e r2m e 

•^n ~(^4T^)2-e l^2i2 + C3 + C4 l^p + C4 l^p 

I 2m h j2m h 1 3m rSm 1 4m T4m\ 
"•"^4 4F 4F ' ^4 -'4 ) • 

This basis differs from the one in ( |2.1[ ) in that each integral function (except the bubble 
functions) has had its divergences stripped away. See Figures 1 and 2. Precise definitions 



appear in Appendix A of |12 
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Fig. 1: Scalar bubble and triangle integrals, (a) One-mass triangle /a-T- (b) Two- 
mass triangle (c) Three-mass triangle I^^.^'-i- (d) Bubble h-.r-i- Note that 
the modified basis in ( ^.41) involves only three-mass triangles and bubbles. 



The justification for eliminating one-mass and two-mass triangles is based on tlie 
observation tliat according to (|2.3|), A^^^^'^^ diverges as 1/e. Since one-mass and two-mass 
triangle integrals are tlie only ones witli larger, divergences, tliese leading terms must 
conspire to cancel. After observing further that these divergences arise only in the 
particular combination (— s)~'^/e^, where s is a momentum invariant, it follows that the 
contributions of one-mass and two-mass triangles may be neglected altogether as per the 
modified basis in (|2.4|). 

To compute the amplitude, it is sufficient to compute each of these coefficients sep- 
arately. The principle of the unitarity-based method jT^,^^ is to exploit the unitarity 
cuts of the scalar integrals to extract the coefficients. 

2.1. Coefficients from Unitary Cuts 

Our goal is to compute the coefficients in (|2.4|) by applying unitarity cuts directly 
in four dimensions. 



This technique is thoroughly discussed in [|62| . While these early works were not intended 
to apply to massless theories, we find there is no obstacle in adapting them to our purposes. The 



modern interpretation is found in [10,11]. 
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Fig. 2: Scalar box integrals, (a) The outgoing external momenta at each of the 
vertices are Ki,K2, K3, defined to correspond to sums of the momenta of gluons 
in the exact orientation shown, (b) One- mass ■ (c) Two- mass "easy" ■ 
(d) Two-mass "hard" /i'^^.^. (e) Three-mass (f) Four-mass lt;!;:.,r':r"-i- 
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On the right-hand side, the scalar integrals are known functions, so their disconti- 
nuities are also known explicitly. We can read out the coefficients of box integrals from 
quadruple cuts, while coefficients of bubbles and three- mass triangle integrals from double 
cuts. The procedure of fl^ can be extended to box integrals as well, but since it is more 



efficient to use quadruple cuts, we do not explore that possibility any further here. 

To be able to read out these coefficients of bubbles and three-mass triangles we need 
to know their discontinuities in double cuts. They are given by 

^HPcut) = -1, (2.5) 

and 

A/r(/f.) = £d.^-^^^^^L_, Q = K,^§K, (2.6) 



where Ki is the cut momentum (see |T^ for detailed derivations). In fact we could carry 
out the integration for A/3"^(i^i) as in [12|. But to read off the coefficients of three-mass 



triangles, we need only compare the expressions on both sides without really doing the 
z-integration, so the form (|2.6| ) is more useful.! 

On the left-hand side of ( |2.4| ), the discontinuity of the amplitude in the Pi^j momentum 
channel is computed by the integral 

j d^A'^^%h,i, i + £2)A*-^((-£2), J + 1, J + 2, . . . , i - 2, z - 1, i-h)), 

(2.7) 



The discontinuities of box functions may be found in [21|. 
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where dfi = d'^lid'^l25^^\^\)5''^\^'2)8''^\^i +^2 ~Pij) is the Lorentz invariant phase space 
measure of two light-hke vectors {£±,£2) constrained by momentum conservation. See 
Figure 3. 



We need to bring the integral (|2.7|) into a form convenient to work with. In a nutsheU, 
we begin by expressing the two tree-level amplitudes in terms of spinor products. We then 
use the four- dimensional delta function to integrate one of the propagator momenta. Then, 



we use the technique of [18| to rewrite the measure in terms of spinors. 



J d^e.5^+^ {f) {.) = dtt j{X, d\) [A, dX] (•) , (2.8) 

where the bullets represent generic arguments, and the integration contour for the spinors 
is the diagonal CP^ defined by A = A. 

Next, we use the remaining delta function to perform the i-integral. The fact that 
A and A are independent homogeneous coordinates on two copies of CP^ means that the 
result must be homogeneous in A and A. In particular, it may be written as a sum of terms 
of the form 

1 ma^mih^mmM o./p.„„ oi^o, (2.9) 



where Pcut is the momentum in the channel of the corresponding double cut and the Ok 
are massive. 

There are two key features of the form (|2.9|) . The first key feature is that the degrees 
of both A and A are —2, which is consistent with the scaling of the integration measure 
J{i di)[i di]. 

The second key feature is that among all kinds of factors in denominators, namely 
{£\Pcut\(], [c i], {d i) and (£|0|£], only the factor {i\Pcut\(] can appear with power greater 
than one. The reason is clear: the factor (£|Pcut|^] comes from t-integration, so in principle 
we can have an arbitrary power ,i while the other three factors [c £], {d i) and with 
7^ 0, come from tree-level amplitudes, which have only single poles. 



^ The cases n = 1 and n = are degenerate. For example, the n = case shows up in 



Appendix A of ||23]. 



2.2. Canonical Decomposition 

Now we discuss the canonical decomposition procedure given in [jT^. When we do the 
decomposition we need to choose which variables, A or A, to be reduced. For the general 
discussion in this section and in Appendix B we reduce A variables, but in the explicit 
examples, we may reduce A, depending on the situation. 

First, we should split the various single poles by partial fractioning, using the following 
identity: 

[ic] [ab][ic\ [i a][c b] + [£ b][a c] 



[ia][eb] [ab][ia][ib] [a b][i a][i b] 

" [a b] [i b] ^ [a b] [i a] ' 
and its generalization, where the degree of A in both numerator and denominator decreases 
by one. It is worth noting that in the process of splitting, we may have the following factors 
in the denominator: (^|Ofc|ci] or {i\OkOj\i) . But the important point is that these factors 
appear only once, i.e., they are all single poles. 

After splitting all single poles we end up with factors! {{i\Pcut\^]^[^ 
((^|Pcut|^]"^(^|Q|^]) ^- Then we need to perform the same splitting of {i\Pcut\^] and [i a] 
(or {i\Pcut\^] and (£|(5|£]). After finishing this step we have the following types of terms: 

^(A,^:) G(A,A) 

^ ' //111-. I nm+l//iiT-. I /nn — m ' ^ ' 



\<.|P„.i|al'"+\«|p,„,l<]"-'"' {e\Pcn,Q\e}'"+He\Pcu,\ei"' „ 

(3) „,„ ' (4) 



iPcutwr-' {£\Pcut\m ay {iiPcutQii)"^-^ {i\Pcut\mQ\^y 

where G{X, A) is a function of both A and A while F{X) is a function of A only. One 
important thing for both functions G(A, A) and F{X) is that they have only single poles. 

The results in (|2.11|) are our final results for the canonical decomposition. There are 
several points to be explained. First, we have multiple poles like {£\Pcut\Q] or {i\PcutQ\£) ^ 
so we need to discuss how to read out residues of these multiple poles. Second, as we will 
analyze carefully in Appendix B, terms of types (1) and (2) will contribute to rational 
functions while terms of types (3) and (4) will contribute to pure logarithmic functions. 
Thirdly, type (3) will only contribute to one-mass, two-mass and three-mass box functions, 
while type (4) will contribute in addition to three-mass triangle and four-mass box func- 
tions. The reason is because 7^ in type (4) . Since box coefficients are easily obtained 
from quadruple cuts, we will pay the most attention to type (4). 



^ As we have remarked, for degenerate cases we may end up with factors Hke ((^|0|^](^|Q|^]) ^ 
or {[i a][£ b])^^ , but the discussion apphes to these cases as well. 
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2.3. Rewriting as Total Derivative 

Before proceeding to extract residues of multiple poles, let us recall the strategy of 
integration. The key idea is to write / {£ dt) [^ M]G{\ A) in the form / {^ di) [di a^]G(A, A). 
Then the integration is reduced to algebraic manipulation by reading off residues at poles 
in G(A, A). One useful formula is given by |]T2[ 



[^di] U^l[n. ir-^-^ ^ ^ 



where rj is an arbitrary but fixed auxiliary spinor and 



(2.12) 



9k[xi]= ^ Xi^Xi^- ■ -Xi^, with Xi = ' . (2.13) 

il<i2<---<ik ^ ' 

One special case is when all the rji are the same and we choose the auxiliary spinor to be 
same rj as well. Then we have 



" "IPIfl'+V \(n + l){t\P\ii\(l\P\""+^ ^ 



where no multiple poles show up. We will use (|2.14| ) often in later calculations. 

For terms of types (1) and (2) we can use the formula ( |2.12| ) directly, so the results 
are just pure rational functions from residues of poles. But for type (3) and (4) we need to 



use Feynman parametrization first to write it in our standard form, as in ( p.l2|) , and then 



read out residues. After that we need to integrate the Feynman parameter. Notice that 
the order of reading out residues versus Feynman parameter integration is important. In 
Appendix B we discuss with care the properties of this integration. 

2.4- The Residues of Multiple Poles 

As we have seen, in general there are multiple poles in G(A, A) after we rewrite the 
integral in the form f {i di)[di di]G{X, A). We need to know how to read off residues at 
these multiple poles.0 



^ In [ J12| , no multiple poles were encountered. We do not know whether it is a general feature 
of supersymmetric theories that no multiple poles show up. 
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The main idea is the foUowing. RecaU the underlying complex analysis. To obtain 
the residue of f dz z~'^ f{z), we need to take the (n — l)-th derivative of the function f{z) 
and set z = 0. One important consequence of the above result is that if the degree of 
polynomial function of f{z) is less than (n — 1), we get zero contribution. 

For our problem, notice that the degree of A is —2 in G(A, A), so if we split G(A, A) 
using the identity 

(^a) (77 a) 1 _^{±alJ_^ ^2-^5^ 



{£v){^b) {rib) (£77) {bri) {ib)' 

then at the end of splitting process we will have terms like ji^jj2, jf^^ ^^("^^7)'^^^ 
in general, taking the form ^jf^^jK^) for the multiple poles. However, since the degree of 
A in numerator is two less than the degree of A in denominator, by similar reasoning the 
residues of all these pieces will be zero. 

Now we demonstrate our strategy in several examples. 

The Double Pole Contribution 

Let us start from a term with a double pole. 



1 nf^i(^a.) 



(2.16) 



Using (|2.15D once, we get 



_ {vai) 1 U^2{^cij) 1 {alb^) Uf=A^ ^j) 

The second term already has just a single pole, namely {i 77), while the first term still has 
a double pole. We use ( p.l5|) for the first term again and get 



(ai 61) nf=i(^ a,) ^ (rj a,) 1 (as 62) Uf=2{^ ^j) 



V) (V bi){i a^) n^^,(£ b^) (v bi) {i 77) (77 b2){i a^) Y[^^^(t b^) 



^ {V ai) (77 as) 1 U^=3{^ %) 



[2.17) 



{V bi) {v b2) {i V^Utsi^ b,)' 
Iterating this step, we eventually reach the final result: 
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The second term does not contribute, as we have argued, while the first term gives the 
foUowing residue at the pole \l) = \rf): 

where the subscript "2" indicates a double pole at the spinor |?7). For ease of presentation 
we have also defined two lists. La = {ai, a2, a^} and Lh = {61, 62, ^jv}- 

Let us do one brief example to illustrate the result (|2.19|) . Consider the integral 



(eiPief 



Using (|2.12| ) we can write it as 

' {i a)[b e][r] e] {i a){e\P\b][r] if 



{i di)[di dj\ 



^ {i\p\if{e\p\ii] 2{i\p\if{i\p\^f 

Now we can do the integral in two ways. The first is to choose \r]] = \b] to eliminate 
the double pole. The result is given by — 

For the second way we just let 77 remain arbitrary. The first term gives 

{a\P\r]]{r]\P\b] {a\P\b] {a r])[r] b] 



{P^)^{r]\P\r]] (P2)2 (p2)^^|p|^] 



The second term has a double pole at \i) = l-Pl^y]. Then we use the formula (|2.19D to get 
the result. First, we have [rj i]"^ = {rjlPlrjf . Second, we have |ai) = |a), |a2) = \P\b], 
= \b2) = \P\£] = {—P^)\v) where we have used the fact that at the pole \£] iPlv)- 
Putting it together, we have 

(r?|P|r?]2 {a\P\ii][f] b] [ {a r,) ^ (ry|P|6] 



2 (P2)(^|p|^]2 \{r^\P\rf^{a\P\rf^ {r^\P\r,]P'^[r^ b] 



{a 


P\r]][r] b] (2p2(a r])[r] b] + {a 


p\mp\v]) 


2(P2) {v\P\v]{a 


P\r]]P^[r] b] 



(2p2(a ^)[^ b] + {a\P\b]{v\P\v]) (2.20) 

2P2(^|p|^]p2 

{av)[vb] ^ {a\P\b] 



{P^){r]\P\r]] 2(P2)2 
_{a\P\b\ 

2(P2)2' 
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in agreement with the first method. 



The Triple Pole Contribution 

Now we consider the triple pole given by 

Using (|2.15| ) once, we get 

_ {y ai) {£ nf^2(^ 1 (ai bi){i Q Uf=i{^ 



(2.21) 



The second term has a double pole, which can be processed using (|2.19|) . Using ( |2.15| ) 
again on the first term we get 



1 (ai6i)(£0nf^i(^«.) 1 jyai) {a2b2){iOUf^2{^(^j) 
' {i 77)2 iv b,){l ai) n^^i(£ bk) &i) &2)(^ as) nf^2(^ ^^) 

^ (ry ai) (ry as) nf=3(^ 



(2.22) 



{ri bi) {fj 62) (^^)'nf=3(^ h)' 
Continuing in this way we get 



Now we can use the result (|2.19|) to read out the contribution at the triple pole. It is 
given by 

P3[\ri),La.Lt] = 

ai) ( {aj bj) {aj bj) ^ ^ {ttj bj) g^) 

Y[^i{rih) y^^^^^{vbr){r] a^) {'nbj)(j] aj) {v b^) {t] a,) {rj {v a^) 

(2.24) 

where the two lists given as arguments are La = {ai, 02, a^v, ^} and = {61, 62, ■■■7 bjsf}. 

Higher Multiplicity Poles 

We will not give the residue of a general multiple pole explicitly, but one can now see 
how the procedure continues step by step. Defining 
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we have the foUowing relation: 

n ^^nr(^^^) (^wi)(^a^+i) nr_^,(£6.)^ (^r^)" nf(^M' 

(2.26) 

where the last term does not contribute to the residue, while the first term will give the 
residue of poles of one lower multiplicity according to the formula for Pn-i[\r]), La, L},]. 



3. A(l-,2-,3-,4+,5+,6+) 



In this section we demonstrate the principles outlined above, in the case of 
2~, 3~, 4+, 5"*", 6"*"), the simplest of the three NMHV helicity configurations of six 
gluons. The contribution to the cut constructible part of ^'^caiar -j^ ^j^^g 'split helicity' con- 



figuration has already appeared in the literature and was derived there by a recursive 
technique. 

For this configuration of external gluons, there are no contributions from box or tri- 



angle integrals, as explained in [|T^ . The amplitude may be expressed in terms of bubble 
integrals alone. So the cut integrals will turn out to be rational functions. 

The nonvanishing cuts are C34, Cgi, C234 and C345. This amplitude is invariant 
under a Z2 symmetry generated by /3 : 1 3, 4 6. Under this symmetry, the cuts are 
related through the relations /3(C234) =6*612 and /^(Cei) = C34. Thus there are only two 
independent integrals, say C34 and Cqi2- 

These two cuts are given as follows. For the cut C34 we have 



C34 = j A*'^^^(£±,5+,6+,1-,2-,£J)A*'^-((-£2)^,3-,4+,(-£i)t: 



= d/j 



?2|1 + 2|6]^ 



{ii\i+m 



[6 1][12](£2^i)(^i5)P|i2(5|6 + l|2] V (^2|1 + 2|6]; {£2 3) {3 4) {4 h) {h i^) 



(3 



;i|5 + 6|£i 



[2£2][^2 ^i](5 6)(6 l)P|6i(5|6 + l|2] V(l|5 + 6|£i]; [£2 3] [3 4] [4 £1] [£i £2 



(1|5 + 6|£2] 



[4 hf\4 £2] 



+ 



(4|1 + 2|6]' 



[6 1][1 2](£2 5)P6^i2(5|6 + l|2](£2|l + 2|6] (£2 3)(3 4)(4 £2) 



(^2|1 + 2|6] 



(3 £i)2(3 h)' 



(1|5 + 6|£2] 



(l|5 + 6|£i 



[4 hf\4 £2] 



[2£2][^2^i](5 6)(6 1)P|6i(5|6 + l|2](l|5 + 6|£i] V + [4 3] [3 4] [4 £1] [£i £2] 

(3.1) 



15 



where the first square bracket uses the upper choice of helicities of the cut propagators 
and the second, the lower. The expression may be simphfied to get 



C34 = 2 dfi 



(£2|l + 2|6](£i|l + 2|6]' (3 £1)^(3 £2) 

[6 1][1 2]{i2 h){£i 5)P|i2(5|6 + 1|2] (3 4)(4 

(l|5 + 6|£i](l|5 + 6|£2]' [4£i][4£2]' 



(3.2) 



[2 hWh ^i](5 6)(6 l)P|6i(5|6 + 1|2] \h 3][3 4][£i h\ 
For the cut C^xi we have 

^612 = 1 rf// A^'^^^lf^, 6+,l-,2-,£T)A*--((_£2)±,3-,4+,5+,(-£i)=F) 

[^i6]4 n^2 6]V (3£i)4 /(3£2) 



+ 



\h 6] [6 1][1 2] [2 £2] [^2 h\ \\h 6]; (£2 3) (3 4) (4 5) (5 £2) V(3 h) 

[6 £2]' n^i6]\' (3^2)' /(3£i) 



2 



[£i 6] [6 1] [1 2] [2 £2] [^2 h\ V [^2 6] ; (£2 3) (3 4) (4 5) (5 £1) (£1 h) \ (3 h) 

(3 £2)^(3 



= 2 \ dii 



\h 6][6 1][1 2][2 £2][4 h\ (4 3)(3 4)(4 5)(5 £2)' 

(3.3) 



5. i. r/ie Integration of Cut C34 



There are two terms in ( |3.2D . Let us start with the first term. We wish to eliminate 
?2 using the identitiesi 

(£2|1 + 2|6]_ [£i|P34Pi2|6] (3^2) _ [4 £1] 



{i2 h) Ph (^1 ^2) [4 3] • 

When this is done, we have 

^(1)^ 2 r [4|P34A2|6](£l|P612|6]'(3 £i)2[4 £1] 

(^^l4)^i^li2[6 1][12](5|P6i2|2]y ^ (4 5)(4£i) 

In the formula above, the measure is given by ||18|| 



"+00 

d^i= I tdt{ii dii)[ii dii]6{{P34-iif). (3.4) 




In our notation we have P12 = (1 2)[1 2] and 2pa ■ pb = —{a\b\a\. 



16 



For simplicity, we write i instead of l\ from now on. We also represent |A) by \l) and |A] 
by |£]. The cut integral is then 

^^'^- (^.mo|6 1][12](5|P„.|2l /o + 

|6](£|P6i2|6]'(3£)2[4£] 
(£5)(4£) 

where it is essential to note that an extra factor of shows up in the second line. The 
reason is that we have pulled out an overall t factor when we write measure ( |3.4|) . That is 
to say, we have written [|T^,I2T[ 



Paa = y^t'^^'T {^txi^m^Tn (3.6) 

in the measure formula given by (|3.4|) . Because of this scaling, the extra two pairs of A"''' 
and A°^'^ in the numerator will give an extra after changing to the variables A'^'^^, X^^'^ , 
Since we are working in the dynamical region PI4 > 0, to find a nonzero result from 
the delta function we must have (£|P34|£] < 0. This is important when we integrate the 
delta function, because 

5{ax) = —d{x). 
\a\ 

Now we can perform the t-integration to get 

C«i) = [it M)[( (3.7) 

« flwle 1)11 2](6|P612|21 i ^ " ' (<|P34l<f{<5)(4<> ^ ' 



Notice that (|3.7|) is in the form of type (1) in ( |2.11|) , so in principle we can already apply 



( ^.12| ) to do the integration. But by observing the identity 

{I 3)[£|P34P612|6] = -(£|P34|^](3|P612|6] + (^1^612 16] (3|P34 1 

we can split it into two terms that are much easier to integrate: 



(^|P6i2|6]'(£3)[4£](3|P6i2|6] , (£|P6i2|6]"(£3)[4£]2(3 4) 



(£|P34K]'(£5)(4£) (£|P34K]'(^5)(4£) 



where 

9p2 



Pl,[6 1][1 2](5|P6i2|2] 
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The reason for doing so is simple: we find that by a judicious choice of the auxihary spinor 
?7 in ( |2.12D we can reduce the integration to the special case ( |2.14| ) in which multiple poles 
have been canceled. 

Using (|2.14|) for the first term of CgP , we get 



(i;i) 

34 



c 



2[3 4] 



(^|f612|6]'(3|P6i2|6][4 ^\' 

(£ 5) (4 £) 



34 



Now we can read off the contributions at the poles. Naively, there are two poles, \t) = |5) 
and \i) = |4). However, due to the factor of [4 in the numerator, the residue at the 
second pole is zero. In the end we arrive atJl 



a 



(i;i) 

34 



(3 4)[4 5]^(3|P6i2|6](5|P6i2|6]' 
P|i2[6 1][1 2](4 5)(5|P6i2|2](5|P34|5] 



2 • 



Similarly we can find the second term of CgP and the second term of C34. Putting it 
all together, we find that the coefficient of the bubble integral /2:2;3 is 



C2:2;3 



2(2 3)3[3 4]2(l|P56i|2]^ 



+ 



(2 3)2[3 4](l|P56l|2]'(l|P56l|4] 



3[2 3](2|P34|2]'(5 6)(6 l)P|6i (51^^56112] [2 3](2|P34|2]^(5 6)(6 1)^1^1 (5|P56i|2 



+ 



(3 4)[4 5]2(3|P6i2|6](5|P6i2|6]^ 



2(3 4)2[4 5]3(5|P6i2|6]^ 



P|i2[6 1][1 2](4 5)(5|P6i2|2](5|P34|5]' 3P|i2[6 1][1 2](4 5) (5|P6i2|2](5|P34|5]^ 



3.2. The Cut Cqi2 

For the cut €^12 given by (|3.3| ) we perform similar manipulations to reach 

(3|P345|6](£|P345|6](3£)2 [6 £] 



op2 
^-'345 



[6 1][1 2] (3 4) (4 5) 



{(. di)[i di] 



(£|P345|2](£ 5) 
i^|45(^l^345|6](3 



-P345I 
2 



[6 i] 



(3.9) 



\Ps45\2]{i 5) 



IP 



3451 



^ Here we remark on signs in these calculations. There are several places to pay attention 
to signs. First, we need to write the pole in the right form {{i a) or [i a]) in order to apply the 
formulas of Section 2. Second, the contribution to the integral (as for example in the formulas 
( 2.19| ) and ( |2.24[ ) ) is the negative of the residue obtained by substituting the value of i at the 
pole. However, to read out the coefficient of the corresponding bubble function we need to put 
another minus sign in front of the rational part of the cut integration, because of the minus sign 
in (I2I 
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After doing the integration we find that the coefficient of the bubble integral /2:3;6 is 



C2:3;6 



^'345(3|i^345|6] 



(3 5)2[5 6]2 [6 2)2(3|P345|2]^ 



[6 1][1 2](3 4)(4 5)(5|P345|2] \^ (5|P345|5]' {Pi^,)^2\Ps,,\2f 
'2{Ph,r ( (3 5)3[5 6]3 [6 2)3(3|P345|2]^ 



3[6 1][1 2](3 4)(4 5)(5|P345|2] I (5|P345|5]' (P|45)3(2|P345|2] = 



(3.10) 



We have verified that the above results satisfy the singular behavior given by ( |2.3| ). 



4. A(l-,2+,3-,4+,5-,6+) 

In this configuration, there are one-mass and two-mass-hard box functions, three- 
mass triangle functions, and bubble functions. This amplitude is invariant under a 
symmetry generated by a : z — > z -|- 1 accompanied by conjugation. Because of this, we 
need to calculate just one coefficient for each type of function and act on it by a to obtain 
all the others. Representative box coefficients are given by |]4^ 



„2m h 
-4:2:2 



-4:4 



2[1 2](5 6)(5|Pi23|l]'(6|Pi23|2]'Pf23 

[2 3](4 5)(4|Pi23|l](6|Pi23|3](6|Pi23|l]" 
2[1 2][2 3](5|Pi23|l]'(5|Pi23|3]' 

[1 3]4(4 5)(5 6)(4|Pi23|l](6|Pl23|3]Pf23' 



(4.1) 



We need to choose just two representative integrals, one in a three-particle channel 
and one in a two-particle channel. We choose the following cuts. 



[12][2 3](4 5)(5 6)(Pf23)' 



[2 £]^(£|Pi23|2]^ (5 £)^(5|Pi23|^]^ 

[£l](£|Pl23|3] (4|Pi23|^](6£) 



56 



d^i 



[h 2]2(3 £2)'(3|P,,i2|2f 


(5 4)2(5 l2? 


[h 1][1 2](3 4)(4 £2)iti2(4|i^£a2|^i](^2|P^,i2|2] { 


h 5) (5 6) (6 £i)(£i 



+ 



+ 



(£i 1)2(^2 1)2[2 4]' 



(5 £i)2(5 



(£2 1)[2 3][3 4](1|P234|4](4|P234|2]P234 (^2 5)(5 6) (6 £i)(£i £2) 



[4 4]2[4 £2]'(3 1)' 



(5 4)2(5 



(1 2)(2 3)[4 £2][4 4]Pf23(3|A23|4](l|Pi23|4] (4 5)(5 6)(6 4)(4 4) 



(4.2) 
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4.1. CutCi23 

We start with the cut C123 because it does not contain three-mass triangle functions 
and should thus be easier to deal with. Since we know the box coefficients, we need only 
to extract the rational functions giving the bubble coefficients. 

After the t-integration we get 



12112 31(4 5>{5 6) y> " \f|P,23|<]M« 11(«IA23|31 {4|Pi23|<l{6 f> ■ 

We look for singularities in \i] in the denominator; we find two single poles [i 1] and 
(4|Pi23|-^] and one quadruple pole (^|-Pi23|-^]- 

To demonstrate our general strategy, we give some details of the calculation. Since 
there are only two single poles, we can separate them by application of (|2.10[ ) to find 



where 



|Pl23|^]' (^1^12313] (6£) \{m2s\i] [il] 



[1 2][2 3](4 5)(5 6)(4|Pi23|l]' 
Next we split the simple pole from the quadruple pole by repeating ( ^.101 ) . Finally we get 

/^rational i /^log ( A '3\ 

<--123 — (-^123 +^123' l^-'^J 

where 

C^raUoual ^ '^{P^^f r . [2 (5 (^| Pl23 1 2] ^ 

[1 2][2 3](4 5)(5 6) 7 ^ ^ {i\Pi2s\if 4)(£|Pi23|l](^|Pi23|3](6 i) 

2(i^f23)(4 5)2 (£|Pi23|2f(5£)2 [2i] 



+ [1 2][2 3](4 5)(5 6)(4|Pi23|l] J "^^^^^ ^)Hi\Pi2sm{6 i) {e\P^2s\if 
2(4 5)^ ,,].<^I^-|2]^(5£)^(4|P,23|2] 1 



[1 2][2 3](4 5)(5 6)(4|Pi23|l] 

2(Pf,3)(5|Pi23|l]' 

[1 2][2 3](4 5)(5 6)(4|Pi23|l] 

2(Pf23)(5|Pl23|l]^[2 1] 

[1 2][2 3](4 5)(5 6)(4|Pi23|l] 



{i di)[i di] 

{£ de)[e di] 



{£ 4)3(£|Pi23|3](6 i) 


{i\Pl23\i? 


(£|Pl23|2]'(5 £)2 


[2 e] 


(£|Pl23|l]'(^|Pl23|3](6 £) 


' (^1^23^]' 


(£|Pl23|2]'(5 £)2 


1 


(^|Pl23|l]'(^|Pl23|3](6 i) 






(4.4) 
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and 



'-^123 



2(4 5)^ f^,,,^^,,,f\pM^?i^^)Hm..\t 



[12][2 3](4 5)(5 6)(4|Pi23|l]i ' " ' {I A)^i\P^2z\m ^) (^1 ^23!^] (4|Pi23|^] 
^ ^Sf-^3)(5|A23|1];[2 1]- (.|P.23|2]^(5 



[1 2][2 3](4 5)(5 6)(4|Pi23|l] J' " ' (^|Pi23|l]'(^|Pi23|3] (6 I) {l\PMm 1] ' 

(4.5) 

The key feature of the above expansion is that each term in (|4.3[) is in the standard 
form given in (|2.11|) , so we know how to deal with each one. Furthermore, as indicated by 



our notation, (7™**°""^ gives only a rational contribution while C^23 contributes only to 
pure logarithmic terms (see Appendix B for a discussion of the latter) , from which we can 
read the coefficients of corresponding one-mass and two-mass hard box functions. Since 
we have calculated these box functions by quadruple cuts, it can serve as an independent 
check of our method. However, we will not do it here. 
Now we focus on the rational part, (7™*^°^"^ If 

we use ( |2.14| ) for the first term we 
find that we get only a single pole, easily dealt with. The second and fourth terms have 
double poles which are new to us, so we will use them to demonstrate our general strategy 
as laid out in Section 2. However, before we proceed to a detailed treatment of double 
poles, we want to remark upon the third and fifth terms. Naively we have triple poles, but 
recall that in the relation 



. Pl23|^]' "(^|J^123|^](^|Pl23|r7] 

we have some freedom in the choice of \ri\. If we choose jry] = |4] for the third term, the 
numerator factor [4 £] will make the contribution from triple pole -^j^ys- to be zero. A 
similar manipulation can be done in fifth term by choosing jry] = |Pi23|l)- 

Double Pole: The Second Term of C[«**°"«^ 

We can write the second term of (7™**°""^ as 



with 

C = 



(£|Pi23|2f(5£)^ [2 If 

4)2(£|Pi23|3](6 I) (£|Pi23|^]'(^|A23|2] 

(^1^23) (4 5) 



1 2][2 3](5 6)(4|Pi23|l]' 
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There are several single poles but we will be concerned only with the double pole (£ 4). 
To read out the residue at this double pole, we write the integrand as 

(£|Pl23|2]'(£ 5)2 



-C[2 4y 



1 



4)2 (£|Pi23|3](£ 6)(£|Pi23|4]'(£|Pl23|2] ' 

where we have made the replacement \i] = |4]. Now it is in our standard form for a double 
pole, so we can use ( |2.18D and ( |2.19D to write down the answer as 



-C[2 4]2P2[|4), 4^^'^^^^^] 



where we will make use of the following lists: 



■iII;Ci23) 



{|5),|5),|Pi23|2),|Pi23|2)}, 

{|6),|Pi23|3),|Pi23|4),|Pi23|4)} 

{|6),|Pi23|3),|l),|l)}. 



(4.6) 



The Coefficient of Bubble /2:3;i 

Combining all these results, we find that the coefficient of the bubble integral /2:3;i is 
given by 



C2:3;l 



[1 2] [2 3] (4 5) (5 6) 
2(4 5)2 



i=l 



[2 ey 



(5 £)4(£|Pi23|2] 



\P,,,\if{e 4)(£|Pi23|l](^|Pl23|3](6 i) 



+ 



V lim (Hi) 



2(Pf23)(5|Pl23|l]'[2 1] 



(£|Pl23|2]'(5 £)2(4|Pi23|2] 



[4£] 



(4|Pl23|l] 



+ y hm U I,) 



V lim (££,) 

i=l,2,5 ' ' ' ' 



(£4)3(£|Pi23|3](6£) (£| 

-Pl23 
(£|Pl23|2]'(5 £)2 



A23|4] 

(l|Pl23| 



(^|Pl23|l]'(^|Pl23|3](6 t, (^|i'l23|^]Pf23(^ 1) 



(i^f23)(4 5)2 (£|Pl23|2]'(5£)^ 



[2 



(4|Pi23|l] (^4)2(£|Pi23|3](6£)(£|P,23| 



(A'23)(5|Pl23|l]' (£|Pl23|2]'(5 £)^ 



[2£]^ 



(4|Pl23|l] (£|Pl23|l]'(^|A23|3](6 t) (£|Pi23| 

+ ^^^SP^P2[|4),lP-^-),4-^--)] 



(4|Pl23|l] 

(5|Pi23|l]'(13)2[2 3]^ 



(4|Pl23|l](Pf, 



.P2[|Pl23|l],4 



{IhCx23) r(^/;Ci23)l 

1 ^3 \ 



123) 



(4.7) 
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where the Ust ^(^^'^-^i^s) j^^^^ been given in ( |4.6| ), while the various poles are given by 

14) = 1^2313], |4) = |6), 1^3) = |4), 14) = |Pl23|l], |4) = |1), 14) = |Pl23|4]. 

Let us give a brief explanation for the result ( [4.7| ). The first three lines give single 



pole contributions of the first, the third and the fifth terms in (|4.4|) . The fourth and fifth 
lines give single pole contributions of the second and the fourth terms in ( |4.4|) . The last 
two lines are double pole contributions of the second and the fourth terms in ( ^^) . 



4.2. CutC56 

Now we consider to the two-particle channel where the cut integral is given by ( [4 .21) . 
Of the three terms, only the first one will contribute to the three-mass triangle, so we leave 
it for last. 

The second term 

For the second term in ( [4 .21) we achieve the following separation by our standard 
splitting process: 

^ 2[2 4]^P|e(5 6) f 5)(£ 1)3[6 

"-'^ [2 3][3 4](1|P234|4]P|34 J ^ \£\P2S4\2]{i 6)me\if 

_ 2[2 4]^p|,(6 1) r {i^nnnei] 

[2 3][3 4](1|P.34|4]P|34 J ^ ^ ms4\2]{i 6)Hi\P,e\if ^ ^ ^ 



2[2 4]4P|6(6 1) 4,,,u...i (^5)2(£1) 



2 



{i di)[i di] 



and 



[2 3][3 4](1|P234|4]P234 J ' (^|P234|2](£ 6)^^61^] 



[2 3][3 4](1|P234|4]P|34 J ' " '{i\P2^A\2W 6)3[5 ^](^|P56|^]' 
where r, I indicate rational and logarithmic parts, respectively. 

It can be shown that in this case, with a judicious choice of the auxiliary spinor ry, 
we can get rid of all multiple poles and are left with only single pole contributions. The 
contribution to the coefficient of the bubble /2:2;5 is given by 

^(2) 2[2 4]4(5 6)(6 1) (5|P234|2](1|P234|2]'(2|P234|6] 

'^2:2;5 [2 3][3 4](1|P234|4]P|34 (6|P234|2]'(2|P234P56J^234|2] 

[2 4]4(5 6)(6 1) (1|P234|2]^(2|P234|6]^(5|P234|2] 
[2 3][3 4](1|P234|4]P|34 (6|P234|2]'(2|P234P56P234|2]' 
2[2 4]4(5 6)2(1|P234|2]'(2|P234|6]' 



3[2 3][3 4](1|P234|4]P|34(6|^"234|2](2|P234P56P234|2]^ 



23 



The third term 



Now we split the third term of ( [4 .21 ) into 

2(3 l)4p|,[5 6] 



and 



C 



(3r) 
56 



a 



(31) 
56 



(12)(2 3)Pf23(l|Pi23|4] 

2(3 1)4P|,[4 5] 

(1 2)(2 3)Pf23(l|Pi23|4] 

2(3 1)4P|J4 5] 

(1 2)(2 3)P223(1|P123|4] 



2(3 l)4p|e[4 5] 
(1 2)(2 3)P223(1|P123|4] 



{i di)[i di] 

{i de)[e di]' 

{i di)[i d£\ 



[4 i]^[6i]{i 5)' 



(3|Pi23|^][5 ^](^|P56|^]" 

[4 5) 

(3|Pi23|^][5 iVimelif 
[4 i]^[6 if 

(3|Pl23|^][5 ^]3(^|P56|^]' 



(£ de)\t di] 



[4£]2[6 t\ 



(4.10) 



(3|Pi23K][5 £]3(£ 6)(£|P56K]' 



From here we read out the bubble coefficient part as 



J3) 
-2:2:5 



2(1 3)4[5 6]2(3|Pi23|4f(5|Pi23|3]^ 



+ 



+ 



3(1 2)(2 3)p223(l|Pi23|4](3|Pi23|5](3|Pi23P56Pl23|3]^ 

(1 3)4[4 5][5 6](3|Pi23|4]'(3|Pi23|6](5|Pi23|3]' 

(1 2)(2 3)p223(l|Pi23|4](3|Pi23|5]'(3|Pi23P56A23|3]' 

2(1 3)4[4 5][5 6](3|Pi23|4]'(3|Pi23|6](5|Pi23|3] 

(1 2)(2 3)Pf23(l|i"l23|4](3|Pi23|5]'(3|Pi23P56i^l23|3]' 



(4.11) 



The first term 

Now we move to the first term in ( ^4.2| ). After doing the t-integration and setting 

i = ii, we get 



X 



[1 2](3 4)P|6 J ' " ' {l\P,^\lf \i l](4|Pi2|£](4|P56|£][2|P5612P56|^](6 t) 

(3|Pi2|2]' - 2^^(3|Pi2|2](3 m 2] + ^^^(3 Ifyi 2f 



Defining 



p2 , PUi\Pii\i] 
^2+ (^IPseK] 

(4.12) 



p2 



Q — P\2 + 7^P565 



p2 

-^56 
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we get 



1 2](3 4)J' " ' {^\P^Q\^f l](4|Pi2|£](4|P56|^][2|P5612n6|^](6 t, 



\P 



56 



(4.13) 



To simplify the calculation further we define 



[il]li\Pi2\4)le\Px\4)[i\PxPM\2]' ^' ' 



The tilde in g{i) indicates that this function is antiholomorphic. 

Now we can use our standard splitting method to split each of them to reach the form 
given in ( |2.11|) . The result is 



^(1) _ ^(Ir) Mil) ^(l;3m) 



where Ir, 11, 3m respectively indicate rational contributions, logarithmic contributions for 
box functions and logarithmic contributions for three-mass triangle functions. Since we do 
not compute box coefficients from double cuts, we do not record them here, but give only 
the other two parts as: 
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"-'^ - [1 2](3 4) J (6|P56|^][^|P56Q|^] melif 

'^(Pief /■/.^.xr.^.i^(^)[^2]2(3 6)2(5|P56|^] (5 



(6|g|£](6|P56|^]' (^1^561"^' 

'^(Pie? /■/...vr...i^W[^2]2(3|Q|£]2(5|P56|^] (5 



1 2](3 4) J "^^^[^ {6\Q\£]meQ\iV {i\Ps,\ef 

(3 4) J^'^'n^^^ j5i]meQ\i] me\if 

4P|6(1 3) 2][6 £](3|P56K] 1 



y" de)[e 



(3 4) ^ [£5mP,eQ\i] {e\P,e\e] 



2 



(3 4) J' " '''''[^m\Pf>m]{mM 

[12](3 4)y^ (6|Q|£](6|P56|^]' (^iPsel^]' 

2(^l6)' /■/, ^.xr, 2]2(3|g|£]^(5|P56|£](5|Q|£] 1 



(^ d£)[£ d£] 



12](3 4)y^ " ' {Q\Qm\P,,Q\l]^ (£|P5g|£] 



2 ' 



(,;3H _ 2(1 3)^[1 2] r (5|QI^]^ 1 



(34) J' " ^"^^^ '(6|gK][£|P56Pl2K]2(^l^'56K](^|gK]' 

Now we will discuss them one by one. But before doing that we need to know how to 
deal with poles from [£|P56Q|£]. 

Dealing with [£\P5eQ\e]: 

Now we need to deal with the factor [^|P56QK] in the denominator. We expand it as 

\e] = \a\+x\b] 



26 



where a, b are two arbitrary massless spinors. With this substitution we find 

= [a\P56Q\a] + x([a|P56Q|^>] + [blP^eQW]) + x''[b\P56Q\b] 

_ -{[a\P56Q\b] + [blP^eQla]) ± [a ^jTAj;; 

2[b\PMb] ' ^ ^ 

Asm = {p!2? + {pIa? + {Pi^f - 2Pi2Pi4 - 2Pf2n'6 - 2P34P56 

Now we can write the factor as 

[£ r]i][i 772] = [i af + {x+ + x-)[i a][e b] + x+X-[i bf 

^ [a bne\p,eQ\e] (4-18) 

[b\P56Q\b] 

where |?7i] = \a] + Xj^\b] and \r]2] = \a] + X-\b]. In other words, we write 



p,6Q\i] = [i V1WV2] ''::i7r , (4.19) 



[b\P5(>Q\b] 
[ab] 
where 

-{[a\P56Q\b] + [b\P56Q\a]) ± [a 6]v^ 



|?7i] = |a] + |?72] = |a] + a;_|6], x± 

The Rational Part: 



2[b\P5eQ\b] 



Now we discuss the rational part, C^q , given in (f4.15| ). Upon a few moments' study, 
we see that among these nine terms, only the ninth one has a triple pole and only the third 
and the fifth have double poles. All of the remaining six terms have only single poles. 
For example, although the second term has the pole ^^[^ ? the factor of (5 t) in the 
numerator sets its contribution to zero. Also, the first term in (|4.15|) has a factor of jg^. 



but g{t) has the same factor in the numerator, so it is not a pole. 

To read out the rational contributions we define the following three functions: 

_ 2(P|,)2[a bf gm 2]2(3|P56|^]'(5 



+ 



+ 



3[1 2](3 4)(5 6)2[6|P56Q|6] [5 r^i][l r^2][& m\P^^\^f 

[5 6]^ 2]^(3 6)^(5 

[1 2](3 4) (6|Q|£][5£]2(£|P56|£]' 

2P|6(13)[a6]^ ^(£)[£2](3|P56|^](5£)^ 
(3 4)(5 6)[6|P56Q|&] [5 m (4.20) 

APl{l?>)[abf ^ffl[^2](3|P56|^](5^) 
(3 4)(5 &)[b\P^^Q\b] \i 5]^[£ r7i][£ 772] (^li'sel^] 
2(1 3)^[1 2][a 6]^ g(i)\^l\{hi) 

(3 4)[6|P56Q|&] \^ m mW\P^^\^\ 

2(P|6)'(3 6)2 gm^Whl) 



[1 2](3 4)(5 6)2(6|Q|£][5 
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' [1 2](3 4)[b\P56Q\b]^ {Q\Q\m m?[^ mVmeli? 

4Pi,{l 3)[a b]^ g{I)[i 2][6 mQ\i]{5 £) 
(3 4)[6|P56Q|&]' [i 5][£ rii]^[e m?{^\P56\i] 



(4.21) 



(4.22) 



[1 2](3 4)[b\P5eQ\b]' {6\Q\e]{vi\P,e\m Vi^i^ V2]Hi\P5e\^] 
The function Ai is the collection of the first, second, fourth, sixth, seventh and eighth 
terms after writing them in the form of {d£ de){»). Similarly, A2 is the collection of the 
third and fifth terms, while is the ninth term, after writing them in the form [M di){»). 
Unlike in ^1, we have double poles in A2 and triple poles in ^3, so we need to separate 
these contributions. One feature ^3 is that we have chosen the auxiliary spinor carefully 
to cancel one of the two triple poles (notice the factor (ryi i) in numerator). 
First, Ai gives following contribution to the bubble coefficient: 

7 

J]liin([££,]Ai) (4.23) 



lr;yll ^ 

t- 



•^2:2:5 



where 



\h] = |1], \h] = |Pl2|4), K3] = 1^^5614), K4] = |P56i'5612|2], |4] = |Q|6), |4] = \Vl], l^?] = \V2] 

A2 gives following single pole contribution 

5 



lr;A2-l _ 
<^2:2;5 — 

and double pole contribution 

lr;A2-2 _ 
^2:2:5 — 



^liin([£A]A2) (4.24) 



[12](3 4)[6|P56Q|fe]^ " {SmPMb? 

(4.25) 

where these lists are 



Li = {|6], |2], |2], |P56|3), |P56|3), |2], |2], |Q|3), |Q|3)} 

L2 - {|1], |Pi2|4), |P56|4), 1^56^^3412], |Q|6), \V2], \V2], \P56\Vl), {P^M} 

L3 = {|6], |2], |2], |P56|3), |P56|3), |2], |6], |Q|3)} 

L4 = {|1], |Pi2|4), |P56|4), IP56P34I2], |5], \rj2], \V2], \P56\V1)} 



(4.26) 
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and the function P2 is given in ( p.l9| ). 

For As, the single pole contribution is 



1=1 



(4.27) 



and the triple pole contribution is 

i.;A3-2_ 2(P|6)'[a^]'(5 6)(r7i772) 



l7 

'2:2:5 



[1 2] (3 4)[6|P56Q|6]= 



(4.28) 



with 



L5 = {|6], |2], |2], |P56|3), |P56|3), |2], |2], |Q|3), |Q|3), |6], |Q|5)} 

Le = {|1], |Pi2|4), |P56|4), IP56P34I2], |Q|6|), jryi], Ir^i], Iryi], \P^M. lAelr^i)}, 



(4.29) 



and the function P3 is given in ( p.24|) . 

Putting it all together, we find that the coefficient C2:2;5 is given by the sum of (^ 

( CT , dm, dm, (m, (m and { wm . 



The coefficient of triangle Is-2 2 1 = 



To read off the coefficient of three-mass triangle function /3:2,2;i from ( [4.16| ), we need 
to be careful about different poles. As discussed carefully in Appendix B, poles from the 
factor [^l-PseQI^] are special. In this example, the poles from factors other than [^l-PseQI^] 
are all single poles, and their contributions are given by 



.(1) 

-3:2, 2;1 



i=l 



[£77]- 



2(1 3)2[1 2] 



(3 4) 



'~ r^-] ^ \ I ^ I /n r /)i i-> i-> I /n Q ' 



-P56-P12I 

2 ■ 



[12](3 4) {Q\Q\i][i\P5ePi2\ 



(3 4) {Q\Q\i][i\P,,Pi2\i]'' 



(4.30) 



with the following poles: 

|£l] = |l], 1^2] = |Pl2|4), 1^3] = 1^5614), 14] = 1^56^561212], |4] = |Q|6), |4] = |^ 

\h] = \vi], \h] = \m] 

(4.31) 

Now consider the contributions from the poles from [^jPseQI^]. The first term in 
( [4.16|) , is a single pole, so 
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(2) 2(13)^[12] [ab]^ I giir)R2[i7,V,P,(,]{5\Q\ijY , ff(4)i^2[4, ^, Ae] (5|Q|4]^ 



(3 4) [b\P5eQ\b]\ immrmrh] (6|Q|4][4 ^[4 ^r] 

(4.32) 

where i?2[^7, -Pse] is the conjugated version of R2 given in Appendix B, i.e., |«) ^ |«]. 
The third term in ( [4.16| ) has a double pole, so the contribution is 



(3) _ 4Pi,{l 3) [g b]^ g{ir)[i7 2]{3\Q\ir]{5\Q\ijf ~ A [L^,. Lg,.] 

4P|e(l 3) [g 6]^ ^(F,)[£7 2]{3mr]{5\Qm' ^ |2l P 1 + i b 1 ^ I. U 
+ (3 4) [b\PMb]- [£,4]2(6|Q|^^][^^^[^^2]^^[^^' ^' + ^ 1^^]^ 



with the following two lists: 



L7 = {|6], |2], |2], |P56|3), |P56|3), |g|5), |Q|5), |Q|3), |2]} 

Ls = {|1], |Pi2|4), |P56|4), |P56i^34|2], |Q|6), 14], 14], 1^, \P\i7)} 



(4.33) 



(4.34) 



The second term in (|4.16|) has a triple pole, so the contribution is 



(4) 2{Pi,r [abf ^(4)[4 2]^(3|Q|4]'(5|Q|4]' 

^3^2,2;i [1 2](3 4) [b\P,eQ\br [4 4]3(6|Q|4][4 v\ 

,J^^^,[^7 L,,W7 L^oAi^T L,,][ij L^o,j] 

[4 L9,,][4 L^o,^] [4 i^9,ll][4 Lg,.]^'^'''^' 

" [4l.5'^l::!][4 2] ^-[^-^-'^j-^-j 



[4 ^9,iJ[4 ^10,iJ[«7 2J [£7 2J 

+ {l^l] ^ 1^2]} 



(4.35) 

with the following two lists: 

Lg = {|6], |2], |2], |P56|3), |P56|3), |Q|3), |Q|3), |Q|5), |Q|5), |2], |2]} 

(4.36) 

Lio = {|1], |Pi2|4), |P56|4), |P56i^34|2], |g|6), |4], |4], |8], 1^, |P|4)}. 
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The result of cut C56 

The coefficient of bubble /2:2;5 is the sum of (g, { ^^71^ , (|01D , (^),(^), 

and ( ra ): 



.(3r) 



lr;Al 



lr;A2-l 



''2:2;5 '^2:2:5 



lr;A2-2 
2:2:5 



+ C 



lr;A3-l 
2:2:5 



+ C 



lr-A3-2 
2:2:5 



(4.37) 



The coefficient of the three-mass triangle function /3:2,2;i is given by the sum of ( [4 .301) , 
( ra , (EH), and ( TO : 



.(1) 



.(2) 



.(3) 



.(4) 



C3:2,2;l — ^3.2^2;! + '^3:2,2;! + '^3:2,2;! + '^3:2,2;1- 



(4.38) 



The result could have been written directly using the functions defined at the end 
of Appendix C. Here we have given some intermediate steps for illustration. For further 
details, see Appendix C. 



5. A(l-,2-,3+,4-,5+,6+) 

The last of the NMHV six-gluon helicity configurations requires the heaviest compu- 
tation. However, there are no essentially new features encountered. In this section we 
present, with minimal discussion, some of our intermediate steps in order to allow the 
reader to confirm our final formulas for the coefficients. 

This helicity configuration is invariant under a Z2 symmetry generated hy a : i ^ 7 — i 
accompanied by conjugation. There are box, triangle and bubble contributions. The box 



coefficients are straightforward to calculate by quadruple cuts and have been given in . 
We list them again here in the notation consistent with the rest of this paper.0 

^2^ . ^ Jl 3]^(4 6)^(4|Pi23|l](6|Pl23|3]Pf23 

[12][2 3](4 5)(5 6)(6|Pi23|lf 

^2m h ^ J6 2]^(3 4)(4|P345|2]^(3|P345|6]P|45 

(4 5)[6 1][12](5|P345|2](3|P345|2f 

^2m h ^ , (15)^[3 4](5|P234|3]^1|P234|4]P|34 .5 1) 

[2 3](5 6)(6 1)(5|P234|2](5|P234|4f 

[2 3][3 4](1|P234|2]'(1|P234|4] 



Im _ r) 
''4:5 — ^ 



[2 4]4(5 6)(6 1)(5|P234|2]P|34 



Am ^ (3 4)(4 5)(5|P345|6]^(3|P345|6] 
(3 5)4[6 1][12](5|P345|2]P|45 



An apparent discrepancy is due to a typo in the numerator of the coefficient =° in 
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In this configuration, there is only one nonvanishing three-mass-triangle coefficient, 
with the distribution (23 1 45 1 61). 

For the bubble part, we have the following cuts: three particle channels C123, C612 and 
(^234; two particle channels C23, C34, C45 and Cqi. Among these, the pairs ((7612,(^234) 
and {C23, C45) are related by the Z2 symmetry, while the others are invariant. So in total 
we have five independent double cuts C123, C23, C^a and C^i. We address these one 

by one. 

Throughout this section we freely omit the integral sign when its presence may be 
inferred from spinor differentials. 

5.1. CutCi23 

For (7i23, there is no three-mass triangle contribution and the calculation will be 
relatively simple. The expression is given by 

Ci23 = J di^ [A(£+,l-,2-,3+,£2-)A(4,4-,5+,6+,£r) 

+ A{ei, 1-, 2-,3+,4)M^2A-, 5+, 6+, £+)] (5.2) 

^ f 2(4£i)^(4£2)^[34]^[3^2] 

J ^(4 5) (5 6) (6 4) {ii i2) {i2 4) [1 2] [2 3] [£i 1] [£2 ii] 

After the t-intcgration, the rational contribution can be read as a sum of three contribu- 
tions, 

y^rat _ M'^r) ^(2r) ^(3r) o\ 
'-^123 — '-^123 +'-^123 +'-^123' W'-Jj 

each of which will be discussed separately. 

The term cjj? 



2{f: di)[(: d(]{l(:)^l\Pl2: 




3]^[31](P2,3) 


(45)(56)(6^)(^|Pi23| 


I]^(^|Pi23K]2[12][23] 



<^123 - /A r\ /r^\ in n\ I n\ n n l/)19r-i oUo ol • V^'V 



This integrand may be turned into a full derivative by choosing as a reference spinor 
\rf\ = P123II), to neutralize the multiple pole (£|Pi23|l]^: 

^(ir) ^ 2(£ a,](4£)2(l|Pi23|^](4|Pl23|l](^|A23|3]^[31] 

(l£)(45)(56)(6£)(£|Pi23|l]3(^|Pi23|^][12][23] ' ^ ' ^ 

The sum of the residues can therefore be performed as follows: 

2(4|Pi23|l][31] ^ (4 £)2(1 1 Pl23 1^] (^1^123 13] ^ 



'-^123 



^\'*|^123|^JLO lim iff ) ^ ' \-^l^l23|^J\^|^123|OJ 

(4 5) (5 6) [12] [2 3] .^^^^W {I I) £) {l\Pi22\l? {i\Pi22.W ^ ^ ^ 
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with = |1) and l^s) = |6). 



The term c[2s' 

^i2r) ^ 2{e de)[i di]{4e)^m2Sm\Pl23m3i]iP?23) 7^ 

"^123 (45)(56)(6£)(£|Pi23|l]2(£|Pi23|^]3[12][23] " ^ ' ' 

In this case, one can write the integrand as a fuU derivative by choosing the reference 
spinor 77 = 3, so that 

M2r) ^ {i de)[di de]{4e)Hm23m\Pl23\m^?iPl23) o^ 

(45)(56)(6£)(£|Pi23|l]2(£|Pi23K]2[12][23] ' ^ ' ^ 

Note the presence of a double pole, (£|Pi23|l]2. 
The residue of the single pole £ = 6 is 

(2.:.) _ (46)2(4|Pi23|l](6|Pl23|3][36]2(Pf,3) 

(45)(56)(6|Pi23|l]2(6|Pi23|6]2[12][23]' ^ ' ' 

while the residue of the double pole \£) = P123II] is 



C 



{2r:d) _ (4|Pi23|l][3|Pl23|l) 



2 



(4 5) (5 6) [12] [2 3] (P2 

with 



Pi23\llL[^'-^'^\L{^--^^^'' (5.10) 



123.^ 

i^f^^^^ = {|4),|4),Pi23|3]} 
since, having chosen |£] = P123II), we used (^|Pi23|^] — > Pi23{^^)- 



(5.11) 



The term C^23 



^(sr) ^ 2{i di)[£ d£]{4£fm2sm3i]HP{23J 

(45)(56)(6£)(£|Pi23|l](^|Pi23|^]"[12][23]- ^ ' ^ 



It is straightforward to write it as a full derivative with rj = 3: 

(3.)_ 2{ede)[did,]{4i)^[3inp?23? 

123 3(45)(56)(6£)(£|Pi23|l](^|Pi23|^]=^[12][23]- ^ ' ^ 

We obtain an expression where only single poles are present, whose sum of residues is 



(3.:.) _ 2(P2,3)^ ^ {41^31]'^ 

3(4 5) (5 6) [12] [2 3] .^/-^^''^ {6i){i\Pi23m\Pi23\i?' ^^"^^^ 



i=2,3 



with = |6) and 14) =Pi23|l] 



Finally, the coefficient of the bubble /2:3;i is obtained by adding ( |5.6|) , (|5.9|) , ( |5.10|) 
and ( CT ): 

" "'^'123 "'"'-^123 "I" '-'123 "1" '-^123 



_ ^(lr:s) ^(2r:s) ^(2r:d) ^(3r:s) ( K T K\ 

C2:3;l — <-'l23 + ^-^123 + ^-^123 + <^123 [O.LO) 
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5.2. CutCiz^ 

The cut C234 is given by 

^234 = y dii 2-,3+,4-,£2-)A(4,5+,6+,l-,£r) 

+ 2-, 3+, 4-, 5+, 6+, !-,£+) 



(5.16) 



2(l£i)(l£2)^[3£i]^[3£2]^ 
(5 6) (6 1) (4 £2) (^2 5) [2 3] [3 4] [4 h\ \h 2] [£2 h 



After the ^-integration, the rational contribution can be read as a sum of three contribu- 
tions, 

r^rat _ r^k^r) ^(2r) ^(3r) K 1 7^ 

'-'234 — '-'234: +^234 +'-'234) {'^•^'J 

each of which will be discussed separately. 
The term 02^^ 

^(ir) ^ 2{e di)[e C^£](l£)^(l|P234|4](£|P234|3]^(P|34) (. .o^ 

(56)(5£)(61)(£|P234|2](£|P234|4]3(£|P234|^]2[23]- ^ • ^ 

We write it as a full derivative by choosing the reference spinor \r]] = P234|4) in order to 
neutralize the multiple pole (£|P23|4]^: 

(1,) _ 2{i de)[di a^](l£)^(l|P234|4](4|P234|^](^|P234|3]^ 

(4£)(56)(5£)(61)(£|P234|2](^|P234|4]3(£|P234|^][23]- ^ • ^ 

The sum of the residues can be therefore performed as follows: 

^(1.:.) _ 2(1|P234|4] >^ {U)HMP2S4\i]mS4\3? 

(56)(61)[23] ,^2,3'-ei (4£)(5£)(£|P234|2](£|P234|4]3(£|P234K]' ^^"^"^ 

with = |4), |£2> = |5), and {£3) = P234I2]. 
The term 

M2r) ^ 2{i di)[i C^£](1£)2(1|P234|4](£|P234|3]3[3^](P|34) (r oiN 

(56)(5£)(61)(£|P234|2](£|P234|4]2(£|P234|^]3[23][34]- ^ • ^ 

We write it as a full derivative by choosing the reference spinor = 3: 

M2r) ^ {i di)[M ad(l^)^(l|^234|4](£|P234|3]2[3^]2(P|34) . . 

"^234 (56)(5£)(61)(£|P234|2](£|P234|4]2(£|P234K]2[23][34]- ^ • ^ 

34 



The sum of the residues of the single pole is 



(5 6) (61) [2 3] [3 4] .^^i^ii ' 



(1^)'-^(^|P234|3]^[3£]^ 
(5£)(£|P234|2](£|P234|4]2(£|P234|^]2' ^^'^^^ 



i=2,3 



with 1^2) = 1 5), and 1^3) = P234I2]. The residue of double pole |£) = P234I4] can be written 
as 

(1|P234|4](4|P234|3]2 



C. 



(2r:d) 
234 



(P|34)(5 6)(61)[2 3][3 4] 



with 



C?^^^ ={|1),|1),P234|3],P234|3]} 

Lf^- = {|5),P234|2],|4),|4)} 
since, having chosen \i] = P234I4), we used (^|P234K] P2^^{IA). 



(5.24) 



(5.25) 



The term C. 



(3r) 
234 



a 



(3r) 
234 



2{i di)[i di]{iif{i\P234\3n3inp 



234 J 



(5.26) 



(5 6)(5£)(61)(£|P234|2](£|P234|4](£|P234|^]'^[2 3][3 4]- 

In this case only simple poles are present. We can write it as a full derivative with 
77 = 3: 



(3.) _ 2(£ a,](l£)3(£|P234|3][3£]3(P|3j2 



3(5 6)(5£)(61)(£|P234|2](£|P234|4](£|P234|^]3[2 3][3 4]- 

We obtain an expression where only single poles are present, whose sum of residues is 



(5.27) 



3(5 6) (61) [2 3] [3 4] 



(l^)^(^|P234|3][3£] = 



(5£)(£|P234|2](£|P234|4](£|P234|^]3' 



(5.28) 



with 1^2) = |5), 14) = i"234|2] and = P234I4]. 



Finally the coefficient of the bubble /2:3;2 is obtained by adding QOOl) , QOSD , (|]2|), 
and (0|): 



_ r'Cl'^:*) I /^(2r:s) ^(3r:d) ^(3r:s) 
C2:3;2 — <^234 + '-'234 + '-"234 + '-^234 



(5.29) 
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5.3. CutC^A 



For this double cut, there is no triangle contribution and the result is simpler. The 
cut is given by 



C34 = J di, 3+,4-,£2)A(4,5+,6+,1-,2-,£j:) 

+ A{e^,3+, 4-, 4)^(^2 , 5+, 6+, 1-, 2-,e+) 

2(4£i)2(4£2)(l|P56|4]'(l|A6|^2] 



(3 4) (5 6) (6 1) (£i 3) (£2 ^i) (5|P6i |2] [2 h] [h £2] {P? 



(5.30) 



2(4£i)2(4£2)(£i|Pi2|6](£2|Pi2|6]^ 
(3 4) (£1 3) (£1 E2) 5) {^2 h) (5|P6i|2] [1 2] [6 1] (PI45) 

'X 

34 T ^-^34 



+ 



Due to the possibility of writing A{£^, 3+, 4 , £3 ) in terms of either holomorphic or anti- 
holomorphic spinor products, as follows, 

' ' (£i3)(34)(4£2)(^2^i) [4 3] [3 4] [4 £2] [£2^1]' 

one can rewrite C34'' as 



(5.32) 



^(2) ^ 2(l£i)^(U2)(£l|Pl2|6] (41^1216]^ 

(3 4) (4 3) (4 ^2) (^2 5) (^2 h) (5|P6i |2] [1 2] [6 1] (PI45) 
^ 2[3£2]'[3£i](£i|Pi2|6](£2|Pi2|6]" 

[3 4] [£2 4] [£2 ^1] {i2 5) (£2 4) (5|P6i |2] [1 2] [6 1] (Pf^^) " 

In this shape, C^^^ can be obtained from C^W as the following relation holds. 



PI45 C34(2, 0) = (-1) Tfm {Plei Cs4h 0)} (5.33) 

where Tfm is the composition of three operations: i) Parity: ( , ) [ , ]; ii) relabeling: 
{1,2,3,4,5,6} {6,5,4,3,2,1}; iii) exchange: £1 ^ £2. Therefore one can worry only 
about 6*34^ and recover C34'' at the end through the above relation. 
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After the t-integration, the rational contribution coming from Cg^ can be read as 

^(ir) ^ 2{i di)[i d£]{l\P5e\i?[3i][43]Ps^ 

(56)(61)(5|P6i|2](£|P34|^]2[2£][4£]3(P|,J 

2{e de)[e (/£](i|P56|3](i|P56|^]'[3£]P34 

(56)(61)(5|P6i|2](£|P34|^]2[2£][4£]2(P|,,) 



2 {i di) [i di] (4 £) (1 1 P56 1 ^] ^ [3 i] [4 3] P; 



34 



+ 
+ 



{5 6){61){5\PMi\Ps,m2i][UnPi,,) 

2{e di)[i di]{4e){i\p,e\m\P56m^m^ 

(56)(61)(5|P6i|2](^|P34|^]3[2^][4£](P|,i) 

2{e de)[e de]{4e)^i\p,em3e][4 3]Ps4 



(5.34) 



(56)(61)(5|P6i|2](£|P34K]4[2£][4£](P|6i)' 
This can be written as a full derivative by choosing as reference spinor 77 = 4: 

,(1^) _ 2[i di]{di a,)(4£)(l|P56|£]3[43]P34 



a 



(43)(56)(61)(5|P6i|2](£|P34|£][2£][4£]3(P|,J 

2[i de]{de a,)(4£)(i|P56|3](i|P56|^]'P34 

(43)(56)(61)(5|P6i|2](£|P34|£][2£][4£]2(P|,,) 

[i de]{de de){4i)^l\P5em43]Ps4 
(43)(56)(61)(5|P6i|2](£|P34|£]2[2£][4£]2(P|,,) 

'34 



(5.35) 



+ 
+ 



[i di]{di a,)(4£)^(l|P56|3](l|P56|^]'P3 

(43)(56)(61)(5|P6i|2](£|P34|^]2[2£][4£](P|,J 

2[£ d£]{de a,)(4£)3(l|P56|£]^[43]P34 
3(43)(56)(61)(5|P6i|2](£|P34K]3[2£][4£](P|ei) 



As one can see, the higher pole [4£]'^ is neutralized, and the only active pole is ^ = 2, 
whose residue reads as follows: 

^(ir:.) ^ 2(42)(1|P56|2]^(1|P56|3]P34 

(43)(56)(61)(2|P34|2](5|P6i|2][24]2(P|,,) 

\2/i I p_ 1012 



(42)2(1|P56|2]2(1|P56|3]P34 



(43)(56)(61)(2|P34|2]2(5|P6i|2][24](P|eJ 

2(42)(1|P56|2]''^[43]P34 
(43)(56)(61)(2|P34|2](5|P6i|2][24]3(P|,J 

(42)^(1|P56|2]^[43]P34 
(43)(56)(61)(2|P34|2]2(5|Pei|2][24]2(P|,,) 

2(42)3(l|P5e|2]3[43]P34 
3(43)(56)(61)(2|P34|2]3(5|P6i|2][24](P|e,) 



(5.36) 
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Through the relation in eq. (|5.33| ) one can get the other term contributing to the cut, 

M2r:s) ^ 2(4|Pi2|6](5|Pi2|6]^[35]P34 

(53)2(5|P34|5](5|P6i|2][16][21][34](P|,2) 



2(34)(5|Pi2|6]^[35]P34 
+ (5 3) 3 (5 1 P34 1 5] (5 1 Pel 1 2] [1 6] [2 1] [3 4] (Pi,,) 

, (4|Pi2|6](5|Pi2|6]^[35]^P34 

^ (53)(5|P34|5]2(5|P6i|2][16][21][34](P|,2) ' 
(34)(5|Pi2|6]3[35]2P34 



+ 



(53)2(5|P34|5]2(5|P6i|2][16][21][34](P|,2) 

2(34)(5|Pi2|6]^[35]^P34 
3(53)(5|P34|5]3(5|P6i|2][16][21][34](P|i2)' 



Finally, the coefficient of the bubble /2:2;3 is obtained by adding ( |5.36| ) and ( ^.371) : 

C2:2;3 = Cg^^ + 0^^^ (5-38) 

5.4. CutC23 

The cut in the P23-channel receives two contributions: 

C2s = J [A{£+,2-,3+,q)A{i+,4~,5+,Q+,l-,i^) 



+ A{e^, 2", 3+, 4)A(£2 , 4-, 5+, 6+, 1- 



5 -^1 



(5.39) 



2^23^ 



where 



+ 



(l£i)(l£2)'(2£i)2(2£2)'[56]^ 



(2 3) (3 £2) {il 2) (£1 £2) {i2 4) (1 IP456 14] (£2|P456 16] [4 5]P456 
(2£i)2(2£2)'(l|P56l|4]'(l|P56l|^2]' 



[2 3) (3 £2) (5 6) (6 1) {il 2) {£2 £1) (1 IP561 14] (5|P56i l^i] [h ^2] [h 4]P56 



1 



(2£i)^(2£2)^(^24)3(4|P6i,j6]^[6£i]4 

^ (23)(3£2)(45)(4£2)2(£i2)(£2^i)(5|P6i£j^i](^2|P6i£j6][l£i][61][£i6]2(P|^,J 

(5.40) 

Therefore we concentrate just on the term C23'*, and finally multiply by 2, in or- 
der to get the coefficients of the proper functions. In particular, since this cut contains 
the contributions to both bubbles and three-mass triangle coefficients, we discuss these 
separately. 
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In the following formulas, for this cut only, we define 

Q = {Pii/Pk) P23 + Pel 

and 

K] =^23^'l23|6]. 



Rational contribution from C23! 

After the t-integration, the rational term which will contribute to the bubble coeffi- 
cients /2:2;2 Tcads as a sum of six terms: 

^(l,rat) _ ^(l,r,l) , ^(l,r,2) ^(l,r,3) 
'-'23 —'-^23 "I" '-^23 "•"'-^23 

^(l,r,4) ^(l,r,5) ^(l,r,6) '^^^ ^ 

For each of these we give the expression after the t— integration, the form as full derivative, 
and the residues. 



The term Cg'""'^^ 



i) t-integrated formula: 



Mhr,i) _ de)[e (i£](l|P56|3]2(l|P56K]'[23][3£] 



'23 



{5 6){6i){me\mpeimmsm2em{piei) 



(56)(61)(l|P56|4](5|P6l|^](^|i'23K]2[2^][4^]3( 

-P23)^(-^56l) 

2{i d£)[£ d^](23)(l|P56|3](l|P56K]'[23]^[34][3£] 

(56)(6l)(l|P56|4](5|P6lK](^|P23K]^[2£][4£]2(P|3)(P|,,) 

ii) full derivative: 

Mi,r,i) ^ di]{di a,)(4£)(l|P56|3]^(l|P56|^]'[23][3^] 

(56)(61)(l|P56|4](4|P23|£](5|P6i|£](£|P23|^][2£][4£](P|6i) 



[idi]{didi){2 3f{Ai)mem2 3n3An3i] 

^(56)(61)(l|P56|4](4|P23K](5|P6l|£](£|P23K][2£][4£]3(P|3)2(p|^J ^ • ^ 

2[e de]{de a,)(23)(4£)(l|P56|3](l|P56K]'[23]^[34][3£] 

(56)(6l)(l|P56|4](4|P23|£](5|P6lK](£|P23K][2^][4£]2(P|3)(P|,J 
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As one can see the higher pole [4^]"^ in neutrahzed by the presence of (4£) in the corre- 
sponding numerator. Therefore, only single poles will give nonzero residues, 

r(^,rA:s) ...A (4£)(1|P56|3]^(1|P56|^]^[23][3£] 

n (56)(61)(l|P56|4](4|P23|^](5|P6i|^](^|P23|^][2^][4£](P|ei) 
(23)2(4£)(1|P56|£]'*[23]3[34]2[3£] 



The term C^^ 



+ (56)(61)(l|P56|4](4|P23|^](5|P6l|£](£|P23|^][2£][4£]3(P|3)2(p2^^) 

2(23)(4£)(1|P56|3](1|P56|^]^[23]^[34][3£] 

(56)(61)(l|P56|4](4|P23K](5|P6l|£](£|P23|^][2£][4£]2(P|3)(P|,J 

with %\ = P23|4), P6i|5), |2], |4] for = 1, . . . , 4). 

(l,r,2) 
23 

i) t-integrated formula: 

Ml,r,2) ^ 2(£d£)[£d£](2£)(l|P56|3](l|P56|^]^[23]^[3£] 

(56)(61)(l|P56|4](5|P6i|£](£|P23|^]3[2£][4£](P|ei) 

{£ de)[e c/£](2 3)(2£)(l|P56|^]^[2 3]^[34][3£] 

(56)(61)(l|P56|4](5|P6i|£](£|P23K]^[2£][4£]2(P|3)(P|e,) 

ii) full derivative: 

Ml,r,2) ^ [i M]{M a^)(2£)^(l|P56|3](l|P56|^]'[23]^ 

(23)(56)(61)(l|P56|4](5|P6i|£](£|P23|^]2[2£][4£](P|ei) 



(5.44) 



(5.45) 



[£d£](rf£a,)(2£)2(l|P56|£]4[23]3[34] 



(5.46) 



2(56)(61)(l|P56|4](5|P6i|£](£|P23|^]2[2£][4£]2(P|3)(P|,,) 

In this case we have both the residues of the simple poles. 



c 

i=2 

[23]^[34] ^.^r..i {'^f?m 



(1,^,2:.) ^ (l|n6|3][23]^ ^ (2£)^(1|P56|£]^ 

(2 3)(5 6)(61)(P|ei) ^^l|P56|4](5|P6i|£](£|P23|^]2[2£][4£] 



y lim [li 



|4],Lf^^-,Lf^- , (5.48) 



2(56)(61)(l|P56|4](P|3)(P|ei) ^^-4^ '^(5|P6i|£](£|P23|^]2[2£][4£]2' 

(5.47) 

and the residue from a double pole, 

^(l,r,2:d) ^ [23]^[34](24)^ 

2(56)(61)(l|P56|4](P|3)(P|ei) " ^ 

with 

^|^-C23 _ {Pgg^^ll), P5g]^|l), Pgg]^]!), P5gl|l)| 
= {P56l|5),P23|4),P23|4),|2]}. 
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(5.49) 



The term Cg'""'^^ 



i) t-integrated formula: 



^(i,.,3) ^ (£ M)[lM]{2l)\l\P,,m22,f['ie] 

(56)(61)(l|P56|4](5|P6iK](^|P23K]l2£][4£](P|6,) ^ • ^ 



ii) full derivative: 

^(i,.,3)^ [lM]{Md,){2if{l\P,,\in2^^ 

3(23)(56)(61)(l|P56|4](5|P6iK](£|P23K]3[2£][4£](P|e,) ^ " ^ 

There are only simple poles. Therefore, 



3(23)(56)(61)(l|P56|4](P|ei) ^^^^^^ {h\P,,\m\P,,W[2 ^][U]■ 



(5.52) 



r/ie term C23 



(l,^-,4) 



i) t-integrated formula: 



(5.53) 



2 



(l,r,4) ^ (£rf£)[£c^£](23)(41)2(4|P23|^][3£]3[61][6£]^ 

23 (45)(5|P6l|^](^|P23|^]2[l£][2£][£|P23 Q|£][£C^6] 

2(£ c/£)[£ ci£](41)(2|Q|£](4|P23K]2[3£]2[6£]3(P|3) 
(45)(5|P6i|£](£|P23|^]'[l^][2£][£|P23QK]'[^a;6] 

M)[l c^](2|Q|£](4|Q|£](4|P23K]^[3£]^[6£]^(P|3) 
(45)(5|P6iK](£|P23K]2[l^][2£][61][£|P23gK]3[£a;6] 

ii) full derivative: 

Cg''"'^^ = [£ ci^] {M dt) T^^) (5.54) 
41 



(2£)(41)2(4|P23|^][3£]2[61][6£]2[a6]2 



(4 5) (5|P6iK] {l\P2m [1 ^] [2 £] [r/i I] [772 [6|P23 Q|b] c^e] 
2(41)(r7i£)(2|Q|£](4|P23K]^[6£]3[afe]^[r/i3]2(P|3) 



//I 

(4 5) (5 


Pel KJ 1 P23 1 ^ {Vi 1 P23 [1 ^ [2 i\ [rji t\ ^ ?72j ^ [0 1 P23 Q I oj V- 
2(41)(r/2£)(2|Q|£](4|P23K]^[3r72]^[6£]3[a6]^(P|3) 


(4 5) (5 


Pei 1 1 P23 KJ W2 1 P23 [1 *J [2 1\ \r]\ 'r]-2Y\r\2tY^\P2z QW V- "^ej 
4 ( 1 £) (4 1 ) (2 1 Q 1 (4 1 P23 1 £] 2 [3 772] [6 3 [a 6] 4 [?7i 3] (PI3 ) 


(45)(1 


P2z\mp^i\m\P2m^m^][m^][r]im?vi2mP2zQ\hWuj^] 

(r7i£)(2|Q|£](4|g|£](4|P23|^]2[3£]2[6£][a6]6[r7i 6]3(P|3)2 


(4 5) (5 


P6i|^](^|P23|^](r7i|P23|^][l^][2^][61][r7i£]3[r7ir72]3[6|P23g|6]3[£a;6] 
(r72^)(2|Q|£](4|Q|£](4|P23|£]2[3£]2[6£][6r72]3[a6]6(P|3)2 


(4 5) (5 


P6l|^](^|P23|^](^2|P23|^][l^][2^][61][r7ir72]3[%^]3[6|P23Q|&]3[^Cc;6] 

3(r?2^)(2|Q|£](4|g|£](4|P23|£]2[3£]2[6£][6r72]2[a6]6[,7i6](P|3)2 


(4 5) (5 


P6i|^](^|P23|^](%|P23|^][l^][2^][61][r7i£][77ir72]=^[??2^]2[6|P23 Q|6]3[£a;6] 
3(771 £)(2|g|£](4|g|£](4|P23|^]2[3£]2[6£][6r72][a6]6[r7i6]2(p23)2 


(4 5) (5 


P6i|i;](^|P23|^](r7i|P23|^][l^][2£][61][?7i£]2[ryiry2]3[?72^][6|P23 Ql^j^f^o^e] 



(5.55) 



T/ie term C^/'^^ 



i) t-integrated formula: 



(i,r,5) ^ d£](23)(41)(4£)(4|P23K][3£]3[6£]3(P|3) 

23 (45)(5|P6iK](£|P23K]3[l£][2£][£|P23 Q\m^^] 

{i M)[i M]{A£){2\Q\mP2zm^(?[^e\\Pi^f 
(45)(5|P6i|£](^|P23K]=^[l^][2£][6 l][l\P2zQW[Euj^] 
(£rf£)[£rf£](l£)(21)(l|P23|£][3£]2[56]3(P|3) 

(l|P456|4](^|P23K]3[2^][45][^a;6](Pf23) 



ii) full derivative: 
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(5.57) 



^(5) ^ (23)(41)(4£)^[3£]3[6£]3[a6]^(P|3) 

(45)(5|P6iK](^|P23|^]2[l£][2£][77i£][r72^] [61^23 Q\bWu^] 

2(45)(5|P6i|^](^|i"23|^]2(r7i|P23|^]2[l£][2£][61][?7i£]2[r7ir72]2[6|P23 QW[^UJ^] 
(4r7i)(r7i£)(2|Q|£](4|P23|^]^[6£]^[a6]4[r7i3]2(P|3)2 

(45)(5|P6i|^](^|P23|^](r7i|P23|^]2[l£][2£][61][?7i£]2[?^i r^2?[h\P2z QW[^u;Q] 
(r72^)^(2|Q|^](4|P23|^]^[3r72]^[6£]^[a5]^(P|3)^ 

2(45)(5|P6i|^](^|P23|^]2(r72|P23|^]2[l£][2£][61][77i 772]2[r72^]2[6|P23 QWliuJ^] 

{Ar^2){m^){m\m\P2,W[^m?[^^nahnphf 

(45)(5|P6i|£](£|P23|^](r72|P23|^]2[l^][2^][61][r7ir72]2[?72^]2[6|P23Q|^>]2[^cc;6] 
(4£)^(2|Q|£](4|P23|£][3r72][6£]4[a6]4[r7i3](P|3)2 

(45)(5|P6i|^](^|P23|^]'[l^][2£][61][r7i£][r7ir72]2[r72^][6|P23 Q|fc]'[^a;6] 
(1£)^(21)[3£]^[56]3(P|3) 

^ 2 (1 1 P456 1 4] I P23 K] 2 [2 [4 5] cue] (Pi^sa ) ■ 

(5.58) 

The above expression contains single and double poles. The residues of the single 
poles will be read off later; for the total rational contribution, we consider here only the 
terms having double poles, (?7i|P23K]^ and (?72|P23K]^: 



■5:d) ^ {v^i)^2\Q\i]{4\P,sm6inabnv,3]HPi,)^ 

2(45)(5|P6i|£](£|P23|^]2(r7i|P23|^]2[l^][2^][61][77i£]2[,7i V2?[b\P23 Qm^uJe] 

{Avi){vii){2\Q\i]{msm6inabnVi3]HPi,)' 

(45)(5|P6iK](£|P23K](r7i|P23K]2[l^][2^][61][r7i£]2[r7ir72]2[6|P23 Qlb^uje] 

+ {Vi V2} 

(5.60) 

The residues in this case give 



a 



(l,r,5:d) 
23 



[«?^]1'/i3]2(r;i|P23|//i]- 



2(45)[61][r7ir72]2[&|P23g|6]2 

{Am)[abnm3]^m\P2s\vi]{Pis) 

(45)[61][r/ir/2]2[6|P23g|6]2 



P23\Vl).Li 



II:C2 



II:C2 



P23\Vl),Mi 



n:C2 



3 M^^'-^^'-" 



(5.61) 
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with 

= {Q|2), P23|4), P23|4), P23|4), |6], |6], |6], |6]} 

= {P6i|5), |1], |2], Iryi], \r^^], \r^^], \r^^], \u;e]} 

M/^:C.3 ^ {Q|2), P23|4), P23|4), |6], |6], |6], |6]} 

M^^^^^- = {P6i|5), |1], |2], Iryi], jryi], jryi], jc^e]} 
since we used \£) = P23|??i]- 

(l,r-,6) 
23 

i) t-integrated formula: 

(i,,,6) ^ {i M) [IM]{2?,) (4 £) ^ (4 1 P23 1 1] [3 3 [6 £] 4 (PI3 ) ^ 

23 (45)(5|P6i|£](£|P23|^]11^][2£][61][£|P23QK][^C^6] 
(£rf£)[£rf£](l£)2(23)(l|P23|^][3£]3[56]3(P|3) 



(5.62) 



The term C23 



(5.63) 



(l|P456|4](£|P23|^]^[2^][45][£^6](Pf23) 

ii) full derivative: 

Cg''^'^) = J(^) (5.64) 

^(6) ^ (23)(4£)3[3£]3[6£]4[a6]2(P|3)2 

3(45)(5|P6i|£](£|P23|£]3[l£][2£][61][r?i£][772^][6|P23Q|&][^^6] . . 

(1£)3(23)[3£]3[56]3(P|3) ^ • ^ 

3 (1 1 P456 1 4] {I I P23 1^] 3 [2 ^] [4 5] [I a;6] (Pf23) 

Given the expressions of C'^^^"'^\ C'^^^"^^ and C23 in eqs.( [5.55| ), ( |5.6U[ ), and ( [5.65| ), 



their combined contribution can be written as, 

(jiXrA,^fi) ^ I j(4) ^ + J(6) I (5.66) 

Therefore, the sum of residues of their single poles will give 

10 

with 

|£,] = P6i|5), |1], |2], |4], |77i], |r72], Icc^e], P23II), P2s\vi), P2M (i = 1, ■ ■ ■ , 10). (5.68) 



The coefficient of the bubble /2:2;2 is given by adding eqs. (|OiD , (|07|) , ( pTig)) , (§3^) 
( ^.67|) , (|5.61|) , and multiplying by 2: 



_ r,/ , ^(l,»',2:s) ^(l,r,2:d) ^(l,r,3:s) ^(l,r,3,4,5,6:s) ^(l,r-,5:(i) 

C2:2;2 — ^ I <-^23 +'-'23 +'-^23 +'-^23 +'-^23 +'-^23 

(5.69) 

44 



3-Mass- Triangle contribution from 6*23^ 

After the t-integration the contribution to the three- mass-triangle coefficient reads: 

^(l,3m) _ ^(l,3m,l) ^(l,3m,2) ^(l,3m,3) /r r,r^\ 

*^23 — *^23 "'"'-'23 "'"'-'23 • {O.IV) 

Unhke in the case presented in Section 4, here we make use of the functions defined in 
Appendix C to write down answers directly and compactly. 

The term cg'"^''^ 

i) after t-integration 

Mi,3m,i) ^ (41)^[61] {£ de)[e di] {2\Qm\P,s\m^?[Q^? 

(45) (£|Q|£](£|P23|^] [^|i^23Q|^] (5|P6l|^][l^][2^][c^6^] ^" ^ 

ii) triangle coefficient: 

eg''-''' = -^^fP Ci^[La, Ll\ Q] (5.72) 



L„ = {g|2),P23|4),|3],|3],|6],|6]} 
L^^ = {P6i|5),|l],|2],K],N} 



(5.73) 



The term C^J'^"^''^ 

i) after t-integration 

^(i,3m,2) ^ 2(4i)(p|3) (£ di)\i di\ m\mQ\mP2z\mi?\^if . 

(45) (£|Q|£](£|P23K] [^|P23Q|^]2(5|P6iK][l£][2£][a;6^] ^" ^ 

ii) triangle coefficient: 

^(l,3m,2) _ 2(41)(P2^3) nIII\T Till Till p ^1 (r,7ri\ 
^23 — '-'3 [-^a,l^b,l J-^b,2 ^-^23,^1 {0.10) 

L« = {Q|2),g|4),P23|4),|3],|3],|6],|6],|6]} 
Li'i = mi|5), |1], |2], Ic^e], |r7], jr^s], \V2]} (5.76) 
^6'2' = mi|5),|l],|2],|a;6],H,|r7i],|r7i]} 

T/ie ierm cg'^^''^ 
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i) after t-integration 



,(i,3.n,3) ^ (Pis? di)[i M] (2|Q|£](4|Q|£]^(4|P23|^][3£]^[6£]4 

(45)[61] mm\P2M [^1^23 QW (5|P6i|^][l^][2£][a;6^] 



ii) triangle coefficient: 

^(l,3m,3) _ {PhY nIV\T tIV tIV p (K7S.\ 
<-^23 ~ ""(45)]6lJ 3 L-^a:-^&,l'-^f>,2:^23,<^J [^.(^) 

La = {g|2), Q|4), Q|4), P23|4), |3], |3], |6], |6], |6], |6]} 
Li^, = {P6i|5), |1], |2], \vi \V2i \V2i \V2]} (5.79) 
^K = mi|5),|l],|2],|a;6],|r7],|r7i],|r7i],|r7i]} 

Finally, the coefficient of the thee-mass triangle Is:2:2-2 can be obtained by taking the 
sum of ( p.72| ), ( |5.75| ), and ( p.78| ) and multiplying the result by 2: 



C3:2:2;2 = 2 (cg'^"^''^ + Cg/'^'^'> + Cg/"^'^^^ . (5.80) 



5.5. CutCei 



This cut has contributions from three-mass triangle, so the result will be more com- 
plicated. Also since it is the same three- mass triangle function as in cut C23, we can use 
it as an independent check for this coefficient. 

The cut is given by 



C6i = j dii [A(£+,6+,l-,£2-)A(4,2-,3+,4-,5+,£r) 

+ A(£r, 6+, 1-, 4)A(£2-, 2-, 3+, 4-, 5+, It) 
2(14)2(1£2)(42)4[54][5^2]' 



+ 



(23)(34)(61)(6£i)(£2^i)(2|P234|5](4|P234|4][^i^2](P|34) (5-81) 
2(l£i)2(l£2)(2£i)2(2£2)[35]4 



(61)(6£i)(£i£2)(^24)(2|P^,^,2|5](£i|P,,,,2|3][34][45](P/^,^2) 

2(l£i)2(l£2)(4£i)2(4|P,,23|3]2[£23]2 

(4 5) (5 h) (6 1) (6 h) (£2 ^1) (4|P.,23K2] (4 |P^.23 13] [2 3] [I2 2] (P^ 23) 

In the following formulas, for this cut only, we define 

\UJ5) = P6lP23\^) 
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and 

Rational contribution from Cei 

r^rat _ I r^{r,2) ^(r,3) ^(r,4) ^(r,5) /r oo^ 

*-^61 — *-^61 + '-'61 + '-'61 + '-^61 + '-'61 • 1,0.5/; 

The term Cq{^^ 

i) t-integrated formula: 

(,,1) ^ 2{lM)[lM]{ll)^21){2inimh]\Pi,) 

(6£)2(2|P6i2|5](£|P6i|^]3(^|P6i2|3][34][45](Pe\2) ^ ' ^ 

We describe in detail how to write this term as a full derivative to show a technical 
point which allows us to get rid of higher poles — when possible. 

We have seen in many examples that a suitable choice of the reference spinor 77 can 
simplify writing an integrand as a full derivative, when using the integration-by-parts 
identity eq.( |2.14| ). In the above expression there is a double pole (6£)^, but the presence 
in the numerator of [1 £] seems to force us to pick up ry = 1. By doing so, one would end 
up with an expression containing a triple pole (£6)"^, to be dealt with afterwards. 

Alternatively, one can multiply Cg^'^^ by 1 = [6£]/[6£] and use the following identity. 



(«|F6i|(1[6<] {l\Pm\6\\{e\Pm\t\ (6C1 



to write Cg^'^'* as a sum of two terms. 



^(.,1) ^ 2(£d£)[£d£](l£)(21)(2£)2[35]4Pgi 

61 (6£)2(2|Pgi2|5](£|P6i|£]2(£|P6i2|3][34][45](P|,2) 

2(£ M)[l d£](l£)(21)(2£)^[3 5]^[6 l][6£]P6i 
^ (6£)(2|P6i2|5](£|P6i|£]3(£|Pgi2|3][16][34][45](P|i2) 



(5.85) 



each of which can be integrated by parts by using 77 = 6, to neutralize the double pole. In 
fact its expression can be written as, 
ii) full derivative: 

= {I dl)[dlde\l^^^ (5.86) 
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X(i) = 



2(21)(2£)2[35]4[6£](P|i; 



(6^)2(2|P6i2|5](£|P6i|^](^|P6i2|3][16][34][45](P|i2) 

(21)(2£)^[35]4[61][6£]^(P|,) ^ " ^ 

+ (6£)(2|P6i2|5](£|P6i|^]2(^|P6i2|3][16]2[34][45](P|,,) 

where the term with 1/(6 has a factor in the numerator of [Qi], which annihilates its 
residue. Therefore the contribution of this term to the corresponding bubble coefficients 
will be given by the sum of residues of only simple poles. 



The term Cqi 



61 

i) t-integrated formula: 

Mr,2) ^ 2{i di)[i di]{Ur {21) {2 i)^[16][Un3 5nPi^) 

(6£)2(2|P6i2|5](£|P6i|^]4(^|P6i2|3][34][45][61](P|i2) 

_ 2{i di)[i di]{li)^{2 6){2iy[3 5]^[6i]^{Pl) 

(6£)(2|P6i2|5](£|P6i|£]4(£|P6i2|3][34][45](p2i2) 

ii) full derivative: 

C^f^ = {ed£)[dede]I^^^ (5.89) 



2(21)(2£)2[35r[6£](P|i: 



(6£)2(2|P6i2|5](£|P6i|£](£|P6i2|3][34][45][61](P|i2) 



2(21)(2£)^[3 5]4[6£]^(P|i 



+ 



(6£)(2|P6i2|5](£|P6i|^]2(£|P6i2|3][16][34][45](P|i2) 

2(l£)(2 6)(2£)^[3 5]^[6£]^(P|i) 

3(6£)(2|P6i2|5](£|P6i|£]3(£|P6i2|3][16][34][45](P|i2) 
2(21)(2£)^[35f[61][6£]3(P|,) 

3(2|P6i2|5](£|P6iK]3(£|P6i2|3][16]2[34][45](P|i2) 



The term c£'^^ 



(5.88) 



(5.90) 
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i) t-integrated formula: 



2(£c/£)[£c/£](l£)3(46)'(4£)^(£|Q|6]'(£|P6i|3]^[l 6] 
(45)(5£)(6£)(^5^)(^|i'6i Q|£)3(£|P6i|2](^|P6i|^]2(£|P6i2|3][23] 
2{t dt)\tdt\{\if{\2f{Mf{i\P^x\if\\ 6][23] 

(4 5)(5£)(6£)(c^5^)(^|i'61 Q|£)(£|P6l|2](£|P6l|^]2(£|P612|3] 

4(£ rf£](l£)3(41)(42)(4£)2(£|g|l](£|P6i|3]3[61] 
(4 5)(5£)(6£)(u;5^)(^|P6i Q|£)2(£|P6i|2](£|P6i|^]2(£|P6i2|3] 

4(£ ci£)[£ d£](l£)3(42)(46)(4£)2(£|Q|6](£|P6i|3]^[61] 
(45)(5£)(6£)(a;5^)(^|i"6i Q|^)2(£|P6i|2](£|P6i|^]2(£|P6i2|3] 
2(£c/£)[£rf£](l£)^(41)2(4£)2(£|Q|l](£|Q|6](£|P6i|3]"[61] 
(45)(5£)(a;5^)(^|i'6i QK)3(^|P6i|2](^|P6iK]'(^|i'6i2|3][2 3] 

1(£ rf£](l£)2(ll)(16)(l£)^(£|Q|6]^(£|/^u|3]^[6 1] 
(45)(5^)(a;5^)(^|P6i gK)3(^|P6i|2](^|P6iK]'(^|i'6i2|3][23] 



ii) full derivative: 
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(5.92) 



+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 



2(1 £)2(4 2)2(4 £)2(£|P6i|3]2[2 3][6£] 



(45)(5£)(6^)(a;5^)(^|i'6i Q|£)(£|P6i|2](£|P6i|^](^|P6i2|3] 



(45) 


(4£) 


{5£) 


{6£){mi)Hvi V2)Huj5i){b\P6i Q\b)Hi\P6i\2]{i\Pe,\i]{i\PM{£\PeM2^ 
6(l£)3(46)2(4772)(a6)6(r7i4)2(£|g|6]2(£|P6i|3]4[16][r7i£] 


(45) 


{4£) 


{5£] 


{6e){me)^vi V2)^V2i){i^5i){b\P6i Q\b)^e\Pei\2]{£\Pei\£]{£\Pei\mW\P6i2\m^] 
4(l£)3(41)(42)(a6)4(,^i4)2(£|g|l](£|P6i|3]3[61][r7i£] 


(45) 


{5£) 


{6£) 


{Vi^)HviV2)Huj5i){b\P6i Q\by{£\P6im\P(>i\£]{£\P(>i\viW\P6i2m 
8(l£)3(41)(42)(4r72)(a6)4(ryi4)(£|g|l](£|P6i|3]3[61][r7i£] 


(45) 


{5£) 


{Q£) 


{Vl£){VlV2)HV2i){i^5i){b\P61 Q\b)^{i\P6im£\Pm\mP6l\VlW\P612\^] 

4(l£)3(42)(46)(a6)4(,yi4)2(£|Q|6](£|P6i|3]'[61][r7i£] 


(45) 


(5£) 


{6£) 


{m£)Hmm)''{^5£){b\P6i QWimiimPeiimPeMimM 

8(U)3(42)(46)(4r72)(a6)4(r7i4)(£|Q|6](£|P6i|3]'[61][r7i^] 


(45) 


(5£) 


{6£) 


{vi£){viV2)Hv2i){oJ5i){b\P6i QW{£\P6i\2]{£\PGi\£]{£\Pei\viW\P6i2m 
2{l£)^41)^ab)^{m4:)H£\Q\l]{£\Q\6]{£\Peim61][vi£] 


(45) 


(4£) 


{5£) 


(r/i^)3(r,ir72)3(a;5£)(6|P6iQ|6)3(£|P6i|2](£|P6iK](£|P6i|r7i](£|P6i2|3][23] 

6(l£)2(41)2(4r72)(a6)6(r7i4)2(£|Q|l](£|Q|6](£|P6i|3]4[61][r7i£] 


(45) 


{41) 


{5£) 


{Vli)HVlV2)'{V2i){t05i){b\P61 Q|6)3(£|P6i|2](£|P6i|£](£|P6i|r7i](^|P6i2|3][23] 

4{l£)^41){46){ab)'{Vi4)^£\Q\6]^£\Pei\3n61][rj^£] 


(45) 


{4£) 


{b£) 


{Vii)HviV2)Hu;,£){b\Pei Q\b)^£\P(,^\2]{£\P(,^\£]{£\PM{^\P&l2\m^] 
12(l£)2(41)(46)(4r72)(a6)6(r7i4)2(£|g|6]2(£|P6i|3]4[61][r7i£] 


(45) 


{4£) 


{h£) 


{m^)HviV2)Hv2i){^5i){b\P6i Q\b)^£\Pei\2]{£\Pei\£]{£\Pei\mW\P6i2\m^] 
2(l£)3(46)2(4r72)^(a6)6(£|Q|6]2(£|P6i|3]4[16][r72^] 


(45) 


{4£) 


{h£) 


(6£)(r7ir72)3(??2^)3(c^5^)(6|P6i Q|6)3(£|P6i|2](£|P6i|£](£|P6i|r72](^|P6i2|3][2 3] 
6{l£f{46)^47j2)Habf{m 4){£\Q\6]^£\Peimi6][v2 i] 


(45) 


{4£) 


(5£) 


{Q£){m^){ViV2)^V2i)Huj5i){b\P(>i Q|6)3(£|P6i|2](£|P6i|£](£|P6i|r72](^|P6i2|3][23] 
4(l£)3(41)(42)(4r72)'(a6)4(^|Q|l](^|P6i|3]3[61][772^] 


(4 5) 


(5£) 


(6£) 


{ViV2)''{V2i)Huj5£){b\Pei QW{£\Peim\P(,i\£]{£\PM{i\PQi2\^] 
4{l£)^42){46){4r,2)'{ab)^{£\Q\6]{£\PeimQl][V2i] 


(45) 


{5£) 


{<6£) 


{viV2y{V2i)Hu;5i){b\Pei Q\b)H£\P6i\m\P6i\mP6i\mW\Pei2m 

2{lt/^iV/^iri2}^al^''(/\Qm\Qm\Pcy,\3\^^ 


(45) 


{4£) 


(5^) 


(r7ir/2)3(r72^)^(a;5^)(fe|i'6iQ|&)^(^|i'6i|2](^|P6iK](^|i'6i|r72](^|P6i2|3][23] 
6(1£)2(4 1)2(4 r72)2(a6)6(r7i4)(£|g|l](£|g|6](£|P6i|3]4[61][r72^] 


(45) 


{4£) 


(5£) 


(r7i^)(r7i 772)3(772 £)2(cc;5^)(6|P6i Q|6)3(£|P6i|2](£|P6i|£](£|P6i|r72](^|P6i2|3][23] 
4(l£)2(4 1)(46)(4 772)3(a6)6(£|g|6]2(£|P6i|3]4[61][r72^] 


(45) 


{4£) 


(5£) 


(771 772)^(772 ^)3(a;5^)(&|P61 Q|6)3(£|P6i|2](£|P6i|£](£|P6l|772](£|P612|3][23] 

12(l£)2(41)(46)(4r72)2(a6)6(r7i4)(£|Q|6]2(£|P6i|3]4[61][r72£] 


(45) 


{4£) 


{h£) 


(771 ^)(77l 772)3(772 ^)2(a;5^)(fe|i^6ig|6)3(^|J'6l|2](^|P6l|^](^|i^6l|772](^|P612|3][23] 



(5.93) 
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The term c£'^^ 



i) t-integrated formula: 



4{e de)[e de]{ie)^{4i){4 6){4e)^{e\P6i\3]^[i6][ie] 

(45)(5£)(6£)2(a;5£)(£|P6i Q\e){e\Pei\2]{i\PeiW{e\P6i2m2 3] 
4{i di) [i di] (1 i)^{4 1) (4 6) (4 i)^{i\Q\6] (£|P6i|3]^[l 6] [1 i] 

(4 5)(5£)(6£)(c^5^)(^|i"6i Q\e)Hi\PM{e\Pei\e]^e\Pei2m[2 3] 

2{i di)[i di]{lif{41)^{4if{i\Q\6]{i\P6i\3]^[li][6 1] 
{4 5){5e){u5e){£\P^, g|£)2(£|P6i|2](£|P6i|£]3(£|P6i2|3][23] 
2{£ di)[i d£]{l£f{46f{4i)^i\Q\6]{i\PQi\3]^[l 6][6i] 
{4 5){5e){6e){uj^e){e\Pe, Q\£)^e\Pei\2]{e\Pei\e]^e\Pei2m2 3] 

4{e di)[i d£](U)^(41)(42)(4£)^(£|P6i|3]^[61][6£] 
{45){5£){oj^i){i\Pei Q\£){i\Pei\2]{i\Pei\i]Hi\Pei2m 

{45){5£){Qe){u;5e){e\Pei g|^)(^|P6i|2](^|P6iK]'(^|i'6i2|3] 

2{i di) [i di]{l i) (4 2)4(£|P6i |5]^ [5 6] [6 £] (P|i) 
(23)(34)(6^)(a;5^)(2|P234|5](^|P6iK]^[16](P|34) 



ii) full derivative: 



'-'61 — 



{£ d£)[d£de\ 
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(5.95) 



X(4) = 



2(l£)2(41)2(4r72)(a6)4(r7i4)(£|g|6](£|P6i|3]4[l^]' 



(45 



(45 



(45 



+ 



(45 



(45 



+ 



+ 



+ 



(45 



(45 



(45 



(5^)(6£)(r7i£)(?7i?72)2(r72^)(^5^)(&|i'6i Q|6)2(£|P6i|2](^|P6iK]2(^|P6i2|3][2 3] 
4(l£)(41)(46)(4£)2(a6)2(£|P6i|3]4[6^] 



(5£)(6£)2(r7i i){r^^i){iv^i){b\Pei Q|6)(£|P6i|2](^|P6i|^](^|i'6i2|3][23] 
8(l£)(41)(46)(4?72)(a6)4(r7i4)(£|g|6](£|P6i|3]4[6£] 



2(l£)2(46)2(4r72)(a6)4(,7i4)(£|g|6](£|P6i|3]4[6£]2 



(5£)(6£)(77i£)(77i772)2(r72^)(u;5^)(&|P6i Q\by{i\Pei\2]{£\P6i\ 
2(1 £)(4 1) (4 2) (4 £)2(a 6)2(£|P6i |3]3[6 1] [6 £]2 



|i"6i2|3][23] 



(5£)(?7l^)(r?2^)(c^5^)(&|i'61 Q|6)(£|P6l|2](£|P6l|^]2(^|i"612|3][16] 

2(l£)2(4 2)(46)(4£)2(a5)2(£|P6i|3]3[6 1][6£]2 



{5£){6£){m£){v2£){i05£){b\Pei Q\b){£\Pei\2]{£\Pei\£]''{£\Pei2mi 6] 
2(l£)(41)(46)(4£)2(a6)2(£|P6i|3]^[61][6£]2 



{5£){6£){m£){r]2£){u;5£){b\P6i Q\b){£\Pei\2]{£\Pei\£]''{£\Pei2mi 6][23] 
4(l£)(41)(46)(4r72)(a6)4(r7i4)(£|Q|6](£|P6i|3]^[61][6£]2 



{5£){vi£){viV2)''{V2i){oJ5£){b\P6i Q\b)^£\Pei\2]{£\Pei\£m£\Pei2\S][16][2 3] 

4(l£)3(41)(46)(a6)V4)2(^|Q|6](£|P6i|3]4[16][lr7i][r7i£] 



(45 



(5^)(6£)(?7i£)2(r7ir72)2(a;5£)(6|P6i Q|6)2(£|P6i|2](£|P6i|£](£|P6i|?7i]2(£|P6i2|3][23] 

2(1 £)2(4 i)2(a 6)4(7^1 Af{e\Q\6] {e\p,^ml m] [6 1] [m e] 



(45 



(5£)(r7i£)2(,^i ??2)2(u;5^)(6|P6i Q\b)He\Peim\Pei\i]{i\Pei\viV{i\P6i2\m^] 
2(l£)3(46)2(a6)4(r7i4)2(£|g|6](£|P6i|3]4[16][6r/i][r/i£] 



(45 



(5£)(6£)(r7i£)2(,7i,72)2(a;5£)(6|P6i g|6)2(£|P6i|2](£|P6i|£](£|P6i|r7i]2(£|P6i2|3][23] 
(l£)4(46)2(a6)4(r7i4)2(£|Q|6](£|P6i|3]4[16]2[r7i£]2 



(45 



(5£)(6£)(r7i^)2(,7l,72)2(c^5^)(^>|i'61 Q|6)2(£|P6l|2](£|P6l|£]2(£|P6i|r7i]2< 

2(l£)3(41)(46)(a6)4(,yi4)2(£|Q|6](£|P6i|3]4[61]2[,^i £]2 



|i"6i2|3][23] 



(45 



+ 



(5£)(?7i£)2(ryiry2)2(a;5£)(6|P6i Q\b)^i\Pei\2]{i\Pei\e]^e\Pei\vi?mi2m2 3] 
(l£)2(41)2(6£)(a6)4(r7i4)2(£|Q|6](£|P6i|3]4[61]2[r7i£]2 



(4 5 



(5£)(77i£)2(,7i r72)2(c^5^)(6|P6i Q\b)^e\Pelm\Pe,\e]'^{e\Pel\m?{i\P6l2\S][2 3] 
MU)^Al){A6){ab)^{V24:)\£\Qm£\Peimi6][lv2][V2£] 



(45 



(5£)(6£)(r/2£)2(r72r/i)2(a;5£)(6|P6i Q|6)2(£|P6i|2](£|P6i|£](£|P6i|r/2]2(£|P6i2|3][23] 

2(l^)2(ll)2(„6)4(,;2 l)2(^|Q|6](^|/^n|3]4[lr/2][6 l][//2^] 



(45 



(5^)(r/2^)2(r/2r7i)2(a;5£)(6|P6i g|&)2(^|P6i|2](£|P6i|£](£|P6i|r/2]2(^|P6i2|3][23] 

2(l£)3(46)2(a&)4(,^24)2(£|Q|6](£|P6i|3]4[16][6r72][r72^] 



(45)(5£)(6^)(r72^)2(r72r7i)2(a;5^)(6|P6i g|6)2(^|P6i|2](^|P6iK](^|P6i|r72]2(^|P6i2|3][23] 
(continues to the next page) 

(5.96) 
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(continues from the previous page) 

{U)^{4 6)^ab)Hv2 4)He\Q\6mPei\3ni6nV2i? 



+ 



+ 
+ 



{4 5){5£){6£){v2i)Hv2Vi)Hoo5i){b\P(>i Q\b)^i\Peim\Pei\i]Hi\PMHmi2\m^] 

2{lif{Al){A6){ab)^{7i24f{i\Qm\P6im6inV2i? 

{4 5){5£){r]2i)Hv2Vi)Ho^5i){b\P(>i Q|6)2(£|P6i|2](£|P6i|^]2(^|P6i|??2]2(£|P6i2|3][23] 

(1^)^(4 l)2(6£)(a6)4(r724)^(£|Q|6](£|P6i|3]^[61]^[r72^]^ 

{4 5){5£){v2i)Hv2Vi)H'^5i){b\P6i Q\b)^e\P6l\2]{£\P6^\e]^£\PGMHml2\m^] 

(42)4(£|P6i|5]^[56][6£]^(P|i) 
(23)(34)(6£)(a;5^)(2|P234|5](^|P6iK]2[16]2(P|3J 

(5.97) 



The above expression contains both single and double poles. Here we give only the expres- 
sion for the residues of the double poles (^l-Peil^i]^ and (^|-P6i|^2]^) 



X(4:d) = 



+ 



+ 



C^l'^--"^^ = {£ d£) [d£ di] Z^^--'^^ (5.98) 



4(l£)3(41)(46)(a6)4(r7i4)2(£|Q|6](£|P6i|3]"[16][l?7i][r7i£] 

■(45)(5£)(6£)(?7i£)2(r7ir72)2(c^5^)(&|i'6i Q|6)2(£|P6i|2](^|P6i|^](^|i"6i|r7i]2(^|P6i2|3][23] 

2(l£)2(41)2(a6)-^(r7i4)2(£|Q|6](£|P6i|3]4[lr7i][6 l][r7i£] 

(45)(5£)(r7i£)2(,7i,72)2(c^5£)(6|P6, Q|6)2(£|P6i|2] (£|P6i|£] (£|P6i|r/i]2(£|P6i2|3][2 3] 
2(l£)3(46)2(a6)4(,^,4)2(£|Q|6](£|P6i|3]4[16][6r7i][r7i£] 

(45)(5£)(6£)(?7i£)2(,7l,72)2(c^5^)(&|i'61 g|6)2(£|P6i|2](£|P6i|£](£|P6i|?7l]2(£|P612|3][23] 

(l£)^(46)2(a6)4(r^, 4)2(£|Q|6](£|P6i|3]4[16]2[r7i£]2 

(45)(5£)(6£)(r/i£)2(,7ir/2)2(c^5^)(&|P6i Q|6)2(£|P6i|2] (£|P6i|£]2(£|P6i |r/i]2(^|P6i2|3] [2 3] 

2(l£)3(41)(46)(a6)4(r7i4)2(£|Q|6](£|P6i|3]4[61]2[r7i£]2 

(45)(5£)(r/i£)2(r;ir72)2(a;5£)(6|P6i Q|&)2(£|P6i|2](£|P6i|£]2(^|P6i|r/i]2(£|P6i2|3][2 3] 
(l£)2(41)2(6£)(a&)4(r7i4)2(£|Q|6](£|P6i|3]^[61]2[r7i£]2 



(45)(5£)(r/i£)2(r;ir72)2(a;5^)(6|P6i Q|6)2(£|P6i|2](£|P6iK]2(£|P6i|r/i]2(£|P6i2|3][2 3] 
+ {^71 ^ r]2) 

(5.99) 
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The sum of residue of the double poles reads, 

4(4 1) (4 6) (a 6)4(771 4)2[1 6] [1 r/i] (r/i jPei 



^(r,4:d) 



+ 



{^5){mv2)Hb\Pe, Q|6)2[23](P|,) 

2(41)^(a6)4[lr7i][61](?7i4)2(r7i|P6i|r7i] 
(45)(r7i 772)2(61^61 Q|^>)2[23](P|i) 

2(46)2(a6)4(r7i 4)2[1 6] [6 771] (771 [Pei [r^i] 
{45){mv2)Hb\PeiQm23]{Pl) 

{46)^ab)^{m4)^[16]^{m\P6i\vi? p 
(45)(r7i 772)2(61^61 Q|6)2[23](P|i)2 ^ 

2(4 1) (4 6) (a 6)4(771 4)^ [6 1]^ (771 |P6i \mf 



(4 5)(77i 772)2(6|P6iQ|&)2[23](P|i)2 
(41)2(a6)4(77i4)2[6 l]2(77i|P6i|r/i]^ 



Pei|r7i],Pr^^",Pf^' 
P6i|77i],Mi^^^^«\M 
P6i|77i],L(^^^-,L^^^^^ 

PM,L['--'''\oi'--''^- 



(4 5)(77i 772)2(6|P6i Q|6)2[2 3](P|i)2 
+ {rii ^ 772} 



P9. 



P6i\vi],Ol 



Il.Cei /^Il.Cei 
) ^2 



] 



with 



^/7:C6i 


= m, 


rll-.Cei 
^2 


= {|5), 




= {|1), 




= {|5), 




= {|1), 




= {|5), 


QH.Cei 


= {|1), 




= {|5), 



l),|l),Q|6],P6i|3],P6i|3],P6i|3],P6i|3]} 

6),|r7i),|77i),|77i),|a;5),P6i|2],P6i2|3]} 

l),Q|6],P6i|3],P6i|3],P6i|3],P6i|3]} 

r7i),|r7i),|77i),|a;5),P6i|2],P6i2|3]} 

l),|l),|l),Q|6],P6i|3],P6i|3],P6i|3],P6i|3]} 

6), 1^1), \vi), \Vi), \Vi), ^5), P6i|2], P612I3]} 
l),|6),Q|6],P6i|3],P6i|3],P6i|3],P6i|3]} 

vi),\vi)Am),\m)A^5),P6i\2iP6i2\s]} 



since we used \£] = P61I771). 



The term C, 



(r,5) 
61 



i) t-integrated formula: 



C. 



(r,5) 



61 



+ 



2{i di)[i c/£](l£)3(4 1)2(4 £)2(£|P6i|3]4[16][l£]2 

(45)(5£)(6£)(a;5^)(^|P6i Q|^)(^|P6i|2](£|P6i|£]4(£|P6i2|3][23] 
4(£ t/£)[£c^£](l£)4(41)(46)(4£)2(£|P6i|3]4[16]2[l£]2 

{45){5i){6e)^urJ){e\Pei Q|£)(£|P6i|2](£|P6i|£]4(£|P6i2|3][2 3][6 1] 

2(£(i£)[£d£](l£)3(4 6)2(4£)2(£|P6i|3]4[16][6£]2 
{45){5i){6e){u5i){i\P6i Q|£)(^|P6i|2](£|P6iK]4(£|P6i2|3][23] 

2{e di)[e d£](l£)(42)4(£|P6i|5]3[6£]2(P|,) 
(23)(34)(6£)(a;5^)(2|P234|5](£|P6iK]4[16](P|34) 
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(5.100) 



(5.101) 



(5.102) 



ii) full derivative: 

Ci['^^ = {i di)[di di] I^^^ (5.f03) 
2(4f)2(4£)2(£|P6i|3]4[6£] 



t(5) _ 

{4 5){5i){6i){u5i){i\P6i Q|0(^|i"6i|2](£|P6i|^](^|i'6i2|3][23] 

2(4f)2(4£)^(£|P6i|3]"[61][6£]^ 

{45){5i){uj5i){i\P6i Q|^)(£|P6i|2](£|P6i|^]2(£|P6i2|3][16][23] 
2(f£)2(46)2(4£)2(^|P6i|3]4[6£]3 



+ 



3(4 5)(5£)(6£)(a;5^)(^|i'6i QK)(^|P6i|2](£|P6i|£]3(£|P6i2|3][23] 

2{4lf{4ef{6£){i\Pei\3]^[6 1]''[6£]^ 

3{4 5){5i){u;,i){e\Pei Q|£)(£|P6i|2](£|P6i|£]3(£|P6i2|3][f 6]2[23] 

2(42)4(£|P6i|5]3[6£]3(P|,) 

3(23)(34)(6£)(w5^)(2|P234|5](^|P6iK]3[16]2(P|34) 



Finally, the coefficient of the bubble /2:2;6 can be written as a sum of the residues of 
all the poles, by adding eqs. ( lOTD , ( lOOD , ( ^ ), ( ^ ), ( p^ ), and ( p^ ): 
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j=i ^ ' i=i 

where the single poles are 

= |4), |5), |6), P612I3], 1^5), i"6i|2], |r7i), |r72), Peil^yi], ^611^72], (j = 1, ■ • • , 10). 

(5.106) 



3-Mass-Triangle contribution from C| 



The term Cqi 



61 

eg'") = Cg"^'') + eg'"'') + eg'"'') (5.107) 

(3m, 1) 
61 

i) after t-integration: 

(3m,i) ^ 2(42)2[23] (£c^£)[£rf£] {il)^i4)^i\Q\6]{i\Pei\3]^ 

(45) (£|Q|£](£|P6i|£] {i\Pei Q\i) {i5){i6){iu5){i\Peim\Pei2\3] 

(5.108) 

ii) triangle coefficient: 

^(3^,,) = ^^^1^ [L.,L^^Pai,Q] (5.109) 
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L„ = {|l),|l),|4),|4),Q|6],P6i|3],P6i|3]} 

(5.110) 

L^^ = {|5),|6),|a;5),P6i|2],P6i2|3],|r7)} 



The term Cg""'^^ 



i) after t-integration: 

(3^,2) ^ _ 4(41)(42) {IM)[IM] {n)^{lA)^{l\Q\imQ\mP^iW 

(45) m\mP^i\^] (^1^61 QW (^5)(£6)(£^5)(^|P6i|2](£|P6i2|3] 

_ 4(4 2) (4 6) (£ M)[l M] (£ l)'(£4)^(£|Q|6]^(£|P6i|3]^ 

(45) mm\PM (^1^61 QW (£5)(£6)(£a;5)(£|P6i|2](^|P6i2|3] 

(5.111) 

ii) triangle coefficient: 



^(3m,2) _ 4(41) (4 2) ^jjjrr 777 , 

4(4 2) (4 6) .77^^^ .77 .77 



(5.112) 



(45) "^'''■^ ' '^'''^ ' 

= {|1), |1), |4), |4), Q|l], g|6], P6i|3], P6i|3], P6i|3]} 
Ma = {|1), |1), |4), |4), Q|6], g|6], P6i|3], P6i|3], P6i|3]} 
= {|5), |6), |c^5), P6i|2], P612I3], 177), 
Ll'i = m, |6), P6i|2], P612I3], \v), \vi), \Vi)} 

(3m, 3) 
61 

i) after t-integration: 

(3^,3) ^ 2(41)^ {idi)[idi] {il)'{e4)'{i\Q\l]^i\Qm\Pei\3]^ 

61 (45)[23] {i\Q\e]{e\Pei\e] (£|P6i Q\ir (^5)(£6)(£c^5)(^|P6i|2](^|P6i2|3] 

4(41)(46) {idi)[idi] (n)2(£4)2(£|Q|l](£|Q|6]2(£|P6i|3]4 



(5.113) 



The term Cqi 



+ 



(45)[23] {£\Q\£]{£\Pei\i] {(.\P^i {£h) 00^) {^\P^l\2]{^\P^^2\2>] 

2(46)2 {ldl)[ld(] (£l)2(£4)2(£|g|6]3(£|P6i|3]4 



(45)[23] (£|Q|£](£|P6i|^] (^iPei Ql^)^ (£5)(£6)(£a;5)(^|P6i|2](£|P6i2|3] 

(5.114) 

ii) triangle coefficient: 

^(3m,3) _ 2(4 1)2 r<IV\T tIV tIV r> ni 

+ ^py^ c|^[M„L^,Y,i^i^,i'6i,g] (5.115) 



+ 



2(4 6)2 

(4 5) [2 3] ^ [^^"'^6,1' ^6,2, Pel, <yj 
56 



L„ = {|l),|l),|4),|4),Q|l],Q|l],Q|6],P6i|3],P6i|3],P6i|3],P6i|3]} 
M„ = {|l),|l),|4),|4),Q|l],g|6],Q|6],P6i|3],P6i|3],P6i|3],P6i|3]} 

Na = {|1), |1), |4), |4), Q|6], g|6], g|6], P6i|3], P6i|3], P6i|3], P6i|3]} (5.116) 
L^J = {|5), |6), |u;5), P6i|2], P6i2|3], |%), \m). \m)} 
Lll = |6), Icc^s), P6i|2], P6i2|3], Ir?), I771), W), |r?i)} 

Finally, the coefficient of the three-mass triangle Is:2:2;2 is given by the sum of ( |5.1U9| ), 
( pl2|) , and ( pl5|) : 

_ ^(l,3m,l) ^(l,3m,2) ^(l,3m,3) 
C3:2:2;2 — <-^61 +^61 +^61 • {0.111} 



6. Conclusions 

In this work we completed the cut-constructible part of ^'^caiar ^j^g one-loop six- 
gluon amplitude in QCD. This completes the calculation of the cut-constructible compo- 
nent of the one-loop six-gluon amplitude in QCD as whole. 



The method we adopted from [|T2[ relies on the combination of ideas belonging to 
generalized unitarity, to build the cuts out of tree-level amplitudes, and complex spinor 
algebra, to carry on the phase space integration. This method was already successfully 
applied in the computation of the A^^^ partner of the six-gluon amplitude. For the 
current task, we extended its features nontrivially to deal with the more general features 
of amplitudes belonging to less supersymmetric theories, such as QCD. 

The background knowledge of two properties of one-loop amplitudes, namely super- 
symmetric decomposition, and integral reduction to a linear combination of analytically 
known scalar functions, associated to two-, three-, and four-point topologies, allowed us to 
concentrate mainly on the phase space integration. 

By exploiting the finiteness of the amplitude, we chose an integral basis involving only 
boxes, three-mass triangles, and bubbles. Therefore, the problem of computing the (cut- 
constructible part of the) amplitude was shifted to the calculation of the corresponding 
coefficients - or rather to their extraction from the cut integrals. 

Our goal was to reduce the complexity of the calculation as much as possible to trivial 
spinor algebra manipulations, and to minimize the number of actual integrations to be 
finally performed. 
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The coefficients of the box functions could be computed via the quadruple-cut method 
without any integration whatsoever. Indeed, these have all appeared previously in the 
literature. 

The known analytic properties of the bubble and three-mass triangle functions enabled 
us to distinguish unequivocally among them. To be more explicit, their branch cuts repre- 
sented a specific signature to identify the coefficients of bubbles and three-mass triangles 
separately. The former multiply a term that after the integration would have generated a 
rational term; the latter multiply a term that after the integration would have generated 
logarithms with square roots in the arguments. 

After this a priori analysis on the properties of the expected results, we could apply 
our optimized algorithm for the phase space integration. We wrote the 'twistor-motivated' 
Lorentz invariant phase space measure and the cut integrands in spinorial formalism, with 
the loop momentum written in its two components of opposite helicity, namely holomorphic 
and an antiholomorphic spinor variables. We used trivial spinor algebra to disentangle the 
dependence on the two variables and to write the integrands as a spinor derivative with 
respect to one of the two integration variables. We found that the expression of the result, 
at that stage of the calculation, contained only four classes of integrands. 

The integration was finally performed by combining the holomorphic anomaly, which 
is an adaptation of the Cauchy residue theorem, and Feynman parametrization. That 
required the development of a technique for dealing with spinorial integrands carrying 
multiple poles, which constitutes the novel and the most powerful feature of our algorithm. 

In view of the recent progress in understanding the recursive behaviour of scattering 
amplitudes, the results here obtained can, in principle, be used to drive the recursion rela- 
tions for constructing the left-over rational piece of the six-gluon amplitude Moreover, 
due to its polylogarithmic structure, the amplitude we computed could represent a boot- 
strap point for the calculation of one-loop amplitudes with more external legs and different 
helicity configuration, once the one-loop recursive behaviour is fully sorted out. 

The numerical implementation of the results here presented, and their crosschecks, is 
left to future work. 

The method we have developed may be used to compute the cut-constructible part of 
a generic one-loop n— point amplitude with different particle content. 
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Appendix A. Tree-Level Amplitudes 

MHV tree amplitudes with fermions and scalars may be derived from supersymmetric 
Ward identities applied to the Parke- Taylor formula [^. See |^ for a review. 

Here we summarize some NMHV tree-level amplitudes which are useful for our calcu- 
lations. A similar list was given in Appendix B of [0 . However there is a technical point 
in these results, so we recall them again. 

Each unitarity cut integral has two terms, from the two possible helicity assignments 
for the internal propagators. It is found that to simplify results, we would like the expres- 
sions for the tree amplitudes in each of these two terms to be related in a simple, symmetric 
way. For example, if we derive them by on-shell recursion relations [^|36| , |6^ , |65| , we should 
take the same reference momenta for each pair at every step. Under this convention we 
have following results where a = 2 is for scalars and a = 1 is for fermions. Taking a = 
reproduces the results for all-gluon amplitudes; these may be used to check the relation 



A(4+ 5+6+1-2-3- )- (3|l + 2|6f / (4|l4-2|6] \ 

' ' ' '^/^^ [6 1][12](3 4)(4 5)P|45(5|6 + 1|2] V (3|l + 2|6]y' 

(1|5 + 6|4]^ /(1|5 + 6|3] 



[2 3][3 4](5 6)(6 l)Pi,,{5\6 + 1\2] V(l|5 + 6|4] 



(Al) 
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AU- 5+6+1-2-3+ )= (4|1 + 2|6]^ /^(^l+MV 

^ ^/^' ' ' ' [6 1][1 2](3 4)(4 5)P|45(5|6+1|2](3|1 + 2|6] V(4|l + 2|6]; 

^ (1|5 + 6|3]^ f (1|5 + 6|4] 



[2 3][3 4](5 6)(6 1)P|6i(5|6+l|2](l|5 + 6|4] V (1|5 + 6|3] 

(A.2) 



Ail^ 2-3+4+5-6-) = [3 4^(5 6)^ /(S^V 

' ' ' ' ^/^^ [2 3][3 4](5 6)(6 1)P|34(1|P234|4](5|P234|2] V (Se);* 



, (2|P456|4]" / (2 1)[6 4] y 

(1 2)(2 3)[4 5][5 6](3|P456|6](1|P456|4]P|56 V (2|P456|4]y' 

, (5|P345|1]^ / (5|P345|6] r 

(3 4)(4 5)[6 1][1 2]P|45(5|P345|2](3|P345|6] V(5|P345|1]; 

(A.3) 



Ail- 2-3+4+5-6+ )- [3 4^(5 1)^ ( 

^ ' ' ' ' ^/^^ [2 3][3 4](5 6)(6 1)P|34(1|P234|4](5|P234|2] ^(5 1); 



, (1 2)^[4 6]^ / (2|P456|4] Y 

(1 2)(2 3)[4 5][5 6](3|P456|6](1|P456|4]P|56 V (2 1)[6 ^] ) 

(5|P345|6]' [ (5|P345|1]A" 



(3 4)(4 5)[6 1][1 2]P|45(5|P345|2](3|P345|6] V (5|P345|6] 

(A.4) 

Ml- 2-3+4-5+6+ ) = (millX 

^ ' ' ' ' [12][2 3](4 5)(5 6)p223(4|Pi23|l](6|Pi23|3] V (4|Pm|3] , ' 

(1 2)^[3 5]^ /(2 6)y 

+ (6 2)[3 4][4 5](2|P6i2|5](6|P6i2|3]P|i2 

[5 6]^(4 2)^ T-MV 



+ (2 3)(3 4)[5 6][6 1]P|34(4|P234|1](2|P234|5] V [5 6]; 

(A.5) 

[13]"(4 6)4 / (4|Pi23|3]V 



^(1+ 2-3+4-5+6- )- [1 3]^(4 6)^ / 

^ ' ' ' ' ^/^^ [12][2 3](4 5)(5 6)Pf23(4|Pi23|l](6|Pi23|3] V 



[12][2 3](4 5)(5 6)Pf23(4|Pi23|l](6|Pi23|3] V [13](4 6); 

(6 2)4[3 5]4 / (2 1)V 



+ (6 2)[3 4][4 5](2|P6i2|5](6|P6i2|3]P|i2 V (2 6) 

[5 If {A 2)4 /[5 6]y 

+ (2 3)(3 4)[5 6][6 1]P|34(4|P234|1](2|P234|5] \[h 1]) 

(A.6) 
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Comparing each pair ((|OD,(|X:2D), (([OD,(|OD), ( , (|0|) ) , we see the pattern 
relating the amphtudes with opposite heh cities for the fermions or scalars. In fact, this is 
also the reason why a factor of two appears in each cut in our scalar loops. 

The expression ( |A.3D is different from the one given in [|T2[. The reason is that we 
have used (2, 3) as reference momenta in the recursion relations to derive the formula in 

but used (3, 4) as reference momenta here to match the ones used in ([A .41). 



Appendix B. Feynman Parametrization and its Integration 

Here we demonstrate in detail how to integrate terms of types (3) and (4) in the cate- 
gorization (12.111) . These are the integrands that give precisely the logarithmic contributions 
and require a Feynman parameter. 

We define certain functions that we find useful. Where these appear in the paper with 
a tilde, this means to take the complex conjugate. We also use 771^2 to denote the two 
solutions of the equation {l\PQ\£) = with the proper P,Q momenta, both in this and 
the following appendix. 

B.l. Type (3) 

Let us start from the following integral: 

F(A)(a 1) 

\Pcut\aT-^ {^\Pcut\m\Pa\ 

Here we have multiplied numerator and denominator by a factor of (a t). To do the 
integration, first we introduce a Feynman parameter to rewrite T3 as 

T3 = Cdz ! {I d£)[l dl] p = zP,^^ + (1 - z)Pa. (B.2) 

Next we use ( |2.14| ) to write the integrand as a derivative: 

,B.3, 

where ry is an arbitrary but fixed spinor of negative chirality. A convenient choice is 
With this choice we find that 

\z Hi di)[de d,] I - ;rr':r;\.ioi.u.o2 — ..n i • (b-4) 



{i di)[i "n-i/.io (B-i) 







F(A)(a 


Pcut\i] 1 


{i\Pcut 


a]-i {i\P\i]{zPl,-{l-z){a 


P 

cut 


a]) 



There is one subtlety in the choice of 77. In (p.3|) we must avoid choosing \r]] ~ \a]. The 



reason is that the starting point ( B.l ) already has a pole from the factor o]. In fact, if we choose 
{i]] ^ \a], then the integral dz will diverge. 
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Now we read out the residues of the poles. There are two kinds of poles: single poles 
from -F(A) (as explained in Section 2) and the multiple pole from {l\Pcut\o]. For residues 
from a single pole, the 2;-integration takes the form 

Z, = /' d.- -4 _ = ^ ' log { <h^El±m , (B.5) 

Jo {ai +biz){ci + diz) aidi ~ bici \ci{ai + bi)J 

where ai,6i,ci,(ii are rational functions (for example, ai = This is always 

a logarithmic function. Furthermore, since it is rational, it does not have any square 
root which is the signature of three-mass triangle and four-mass box functions. Thus it 
contributes only to one-mass, two-mass and three-mass box functions. 

Now we discuss the residue from the multiple pole {i\Pcut\ci]^ ^- One important 
feature of the form (|B.4| ) is the factor (a|Pcut|^]:^ it is zero precisely at the location of 
the pole from {i\Pcut\o]- In other words, there is no residue contribution from the multiple 
pole {£\Pcut\a] at aU.0 

B.2. Type (4) 

The integral of type (4) is given by 

F(A) 1 



{i di)[i di]- 



PcutQli)^-' {i\Pcut\ 



Similarly as for type (3), we arrive at 







There is a subtle point in this expression: we have assumed that there is no pole {i a). If 
this pole exists, it is easy to see that ai = at pole \i) = \a) and the z-integration diverges. We 
have no general argument why this is true, except to notice that there is a factor j^-^ from the 
anti-holomorphic part. It may be that for tree-level amplitudes, the two factors {£ a) and [i a] 
have the property that if one exists as a pole, then the other cannot. 

Notice that since F{X) is a function of A only, the factor (a|Pcut|^] cannot be canceled. 

If for some reason we have other multiple poles, we must be careful because in this case, 
the z-integration may give a rational contribution. Fortunately, in our decomposition no other 
multiple poles show up. 
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where we have chosen the aiixihary spinor \rj\ = \R\r]). 

Again we have two kinds of poles: the single poles from -F(A) and multiple poles from 
the factor {i\PcutQ\^)'^~^ ■ Let us discuss them one by one. 

The Contribution from Single Poles 

The 2;-dependence comes from the momentum vector R, defined in (|B.6|) and appearing 
in the last factor of ( p.7| ). It may be expressed as 

'<i,^(££L±4,_^, (B.8) 







{aoz^ + aiz + a2){zbi + 62) 



where we have defined 



ao — {Q — PcutY ^ O-l — 'iPcut ■ [Q — Pcut), 0-2 — Pcut: 

bi = {i\{Q - PcutM, b2 = {i\Pcut\i], (B.9) 
c, = {r]\{Q - P^utM, C2 = {r]\Pcut\i]. 
To understand the various contributions, we split the integral as follows: 



dz- 



{aoz'^ + aiz + a2){zbi + 62' 

\zf ^l(-^2Cl +61C2) 1 







(026^ - 016162 + 0062) {zbi + 62) 
^ (62C1 - 61C2) (2zao + ai) 



+ 



2(026^ - 016162 + 0063) (ao^^ + aiz + 02) 
(2a26iCi - ai62Ci - ai6iC2 + 2006202) 1 

2(026^ - 016162 + 0063) (aoz'^ + aiz + 02) 



Among these three terms, the first two will give logarithmic functions with rational pa- 
rameters, so these contribute to one-mass, two-mass and three-mass box functions. The 
third term will be 



dz- 5 - = ^log^^ V lo, A = af-4aoa2, (B.ll) 

[aoz-^ + aiz + a2) VA \2aoz + ai + vA 





where A is not a complete square, so this is not a rational function. In fact, the A is 
the characteristic signature (Gram determinant) which identifies the contribution with a 
particular three-mass triangle or four-mass box function. Specifically, expression ( [B.ll[ ) is 
the same as (p^). 
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The above splitting of makes sense if and only if a2h\ — a\h\h2 + ao^i 7^ 0- From 
) we find that 

a^hl - aibib2 + aobj = -{i\PcutQm\PcutQ\i] 

(B.12) 

2a2biCi - aib2Ci - aibiC2 + 2ao62C2 = -{^\PcutQ - QPcut\'n)[^\PcutQ\£] 

We see that (026^ — ai&i&2 +0062) is zero exactly for the pole {i\PQ\i), so our manipulation 
is safe for single poles other than this one. 

For future use, we define the following function: 

nr. D r^^ {2a2biCi - aib2Ci - aibiC2 + 2aob2C2) {i\PcutQ - QPcutlv) /-diox 

2{a2bi - aibib2 + aobi) 2{i\PcutQ\q 



The Contribution from Poles in {i\PQ\i) 

For the poles in {i\PcutQ\^)"'~^ , things become much more complicated. There are 
two facts we need to take into account. The first is that, as seen in ( [B.12D , 

a2bl - 016162 + ao62 = 0, (B.14) 

so we need to be careful when we do the splitting. The second is that the residue will have 
terms like 

{v\R\m,2]m\m,2r~' 

with m ranging from 1 to (n — 1), where 771^2 are the two solutions for the poles in 
{^\PcutQ\^)^~'^ ■ In other words, we have more patterns for the ^-integration. 

Now we discuss the residues in detail for the cases n = 2, 3, 4, which are the only ones 
needed in this paper. 

The case of n = 2: 

In this case, it is a single pole. Using ( p.l4| ) we can solve for 09: 

_ 016162 - ^26? 
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Therefore we can split the integral as follows: 



{aoz'^ + aiz + a2){zbi + b2) Jo (01622; + 0262 - 02^1-2) (-2^1 + ^2)^ 

^ ^^f (026201 + 026102 - ai62C2) 6| 

62(20261 - 0162) {biz + b2){aib2Z + 0262 - 0261^) 
62(6201-6102) 1 



(20261 - 0162) (62 + ^6i)2 
__ .''^^^ 62(6201-6102) 1 ^ /"^ ^^(026201 + 0261O2 - 0162O2) 1 



(20261 - 0162) (62 + 2:61)2 Jq 62(20261-0162) oo^^ + 012: + 02 ' 

(B.15) 

Of these two terms, the first one gives a rational function while the second one gives a 
logarithmic function. However, we can see that 

6201- 0261 = -(£ v)[£\P,^tQ\i], 

so that, at our pole, 

6201-0261 = 0, (B.16) 
and hence the first term vanishes. We can solve (|B.16| ) for oi and simplify the coefficient: 



o PI (a2620i + 0261O2 - 0162O2) 02 iv Pcuti] 

R2[i: V: Pent = V h = 77 = 1W5 — m " ^^■^^> 

62(20261-0162) 62 {i\Pcut\i\ 



Unlike the function Ri defined in ( p.l3| ) in which Q appears explicitly, R2 does not involve 



Q. However, in the formula for the coefficient, R2 will depend on Q through i when 
evaluated at 771^2, the solutions of {i\PcutQ\^) = 0. 
The case of n = 3: 

For the case n = 3 we have a double pole. Using our residue formula ( |2.19| ) we find 
that the new z-integral may be expressed as 

(2O1 + 02)(2(ii + 1^2) 







(oo^^ + aiz + 02) (261 + 62)2 ' 
where 0^,6^, Ci are the same as in ( p.9| ), and 



di = mQ-Pcut)\il d2 = {^\Pcut\i]. 
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(B.18) 



By calculations similar to those in the case of n = 2, we reach 

mzci + C2){zdi + d2) 



Zs = I dz 







yaib2Z - a2biz + a2b2){zbi + 62)^ 
ci(-b2di + 61^2) 



+ 



61(61 + 62)(2a26i - 0162) 

Ci{a2b2di + 0261^2 - 0162^2) b% 



6261(20261-0162) Jo (612; + 62)(ai62^ + 0262 - 0261^) 
where we have used the condition ( p.l6| ) to simplify the result. We see that 



6261(20261 - 0162) 

(r?|(Q - Pcut)\m\Pcut{PcutQ + QPcut) 



{m - Pcut)\mPcuMQ\^] - ^Pcut ■ Q{i\Pcut\i 

Using the results ( p.l6| ) and (|B.20|) , this can be simplified to the formula 







[aoz"^ + aiz + a2){zbi + 62)"^ 



(B.19) 



-62^1 + 61^2 = OlWl^], 

so that at our pole 

-62^1 + 61^2 = 0, (B.20) 
so the rational contribution is zero. The relevant nonzero coefficient is given by 

ci (0262^1 + 0261^2 - 0162(^2) 



(B.21) 



^ ^ H {i\Pcut\if 

The case of n = 4: 

For n = 4 we have a triple pole; the new 2;-integration pattern is given by 

^ {zci + C2){zdi + d2)'^ 



where ai,bi,Ci, di are given above in ( [B.9| ) and ( |B.18| ). 

Now we perform similar manipulations as in the case n = 3. Using the three zero- 
conditions ( [B.14| ), ( [B.16| ), and ( |B.2C1| ), we find once again that the rational contribution is 
zero and we are left with 

Za = Ra I dz 







aoz"^ + aiz + 02 ' 
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where 

^4[-e, r], ^, Fcutl - -73- 3 • {B.26) 

For general situations, it can be done by similar way. Observing above patterns for 
i?2, -R3, -R4 we conjecture that for the pattern 



the contribution of poles of the solution {£\PcutQ\'^) = to three-mass triangles or four- 
mass boxes will be given by 



Appendix C. Coefficients of Three-Mass Triangles 

In this appendix we discuss the presentation of coefficients of three-mass triangles. 
After the t-integration and splitting we end up with an integral of the form 



^3 J{i d£)[e de] .^ig,^. (£|pg|£)(^--)/2 rr^ a h.) ' ^^'^^ 



where the factor {l\PQ\l) is special to this case (here P is the Pcut in Appendix B, but for 
simplicity we write P in this part). 

The first thing is to write it using Feynman parametrization as 



Jo J ^ m\mm (^ipgi^)^^— ut^a^ b^) ' 

(C.2) 

where ry is an arbitrary auxiliary spinor of negative chirality. In this form we have a pole 
at \R\r}), which depends on z. To simplify calculations, we take \r]\ = \R\r]) so that 

? - /'j, /'«jnU//)l_<!Z™ nllV «■:> 

S3 -J^dzJ (I 6t)[M *l(,|;j|f]jj.(,„)(^.|pQ|Q,«-„,/.n;L,(fj.)- (C.3) 

The reason for this choice is that now all poles are independent of z (notice the extra pole 
{i r])); all the 2;-dependence is in the first factor. 
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First, we deal with the single poles at 6^, 77. For a single pole, the 2;-integration pattern 
is given by Z2 and Ri defined in Appendix B. Thus we get the following result: 



m+l y-rN V 

There are several remarks about these results: (1) the minus sign appears because we need 
to take the negative residues of poles; (2) we have set bm+i = (3) in the denominator, 
the prime symbol / means that we need to omit the factor with j = p in the product; (4) 
the factor i?i[6p, i], P, Q] is the contribution of the z-integration defined by ( |B.13| ). 

Now we need to deal with the pole from {i\PQ\£)^^~'^'^^'^ . We proceed case by case. 
If (A^ — m)/2 = there is no such pole. The next case is that (A^ — m)/2 = 1, i.e., two 
single poles. Then we have the following result: 

where 771,2 are solutions of {i\PQ\i) = and R2 is defined by ( |B.17| ). We will stick to the 
notation ?7i,2- 

Now we proceed to the case (A^ — m)/2 = 2, i.e., double poles. Using 

{i\PQ\i) = {irj^){e m)^^]^ 

where a, 6 are two spinors used to solve 771,772 (see also equations ( [4.19|) ), we get the 
following expression: 



Now using the formula ( p.l9| ) for the residue of double poles, we find (here the limit is 
more like replacement, but we use this notation to simplify our discussion) 

(C.6) 
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with 

Li = {ai, a2, ttAr}, 

L2 = {6i,62,---,^>iv-4,?7,?72,??2, l^l^i]}, (C.7) 
L3 = {bi, 62, ?7, ?7i, |^|?72]}- 

There are two terms. The first term is the contribution of double pole ryi and the second 
term is that of r]2. We got the latter from the former by replacing 771 — > 772 and L2 L^. 
In the first line, the most significant manipulation is that in the brackets we have separated 
terms into two parts: the first — 1 terms are independent of i?, while the last term 
depends on R and thus on z. This will make the ^-integration different as we will see 
shortly. 

Having residues given by (|C.6| ) we need to do the Feynman parameter integration and 
read out contribution to three-mass triangles. This has essentially been done in Appendix 
B. Using (PrTD and <^^, we get 



-i?3[£, 77, aiv, P] ) - ^ ?72, ^ ^3} 



Now we discuss the last case needed for our calculation, namely [N — m) /2 = We 



have 



1 r 



Here we have two triple poles. Again we need to read out the negative residue first and 
then use previous results to get the coefficients. For a triple pole 771 there are several parts 
in the denominator: (1) factors with hi, i = 1, — 6, (2) one factor with 77, (3) three 
factors with 772, and (4) one factor with I-RI771]. We group the first three together into the 
list Ll\ defined below. The reason doing that is that only the last one has z-dependence. 
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Using this notation we find that the residue of 771 is given by 



{vi\R\vi] 



{La,N La,i) 



+ 



'N-2 

y 

(^1 La,^){'nl Ll^^^i) {Vl La,N){Vl La,i) 
{aN-l\R\Vl] {(IN (iN-l) 

(r7i|i2|?7i](?7i un-i) {rji 0'n){i1i ^n-i 



1<*<J<-'V 



{La,N-i\R\rii] 



+ 



{La,N-i\R\rii] 



^ (C.IO) 

In this result, we have separated terms having difi^erent R factors. From this we can read 
the coefficient of the three-mass triangle as 



4t (^1 La,i){Vl ^6,m) La,N){Vl La,i) 



{La,N La,N-l) 



iVl La,N-l){lll La,N){ril La,N-l) 



{La,i Ll\ -) 



l<i<N-2 



{rji La,N-i){m La,i){Vl Haa) 



+ 



1 



{Vi Lo 



,N-1/ 



(C.ll) 

Summary: 

The reader who wishes to skip the derivations may simply use the formulas given 
below. Where these functions appear in the bulk of the paper with a tilde, this means to 
take the complex conjugate. 
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We define the following lists. 





= icii . 0.9. 


. . . . CLat f . 


Li 


= I6i , bo, . 


5 ^ ' f J ^ 






.., WJV-2) '//) 


Tin 


= {bi,b2, . 


..,6Ar_4,?7,?72,?72}, 


Tin 

^b,2 


= {bi,b2, . 


••,^>7V-4,?7,?7i,?7i}, 


tIV 
^6,1 


= {bi,b2,. 


..,6jv-6,?7,?72,?72,?72}, 


tIV 

-^6,2 


= {bi,b2, . 


..,6jv-6,?7,?7i,?7i,?7i}, 



(C.12) 



where ry is an arbitrary auxiliary spinor. 
(1) Case one: for the integral 

si= fie de)\ede] } ^It^^^ '''^ 



we have the coefficient 

N+i -Yl^_ {^Li L^^) 
Ci[La, lI, P,Q]^ ^ / N+i. J .Ri[Li,p, lI^j^^i, P, Q]. (C.13) 

Although in this paper we have not encountered this situation, we include it for complete- 
ness. 

(2) Case two: for the integral 
03 



j {£ de)[e di]- 



{e\p\mQ\i] {i\PQ\i)UfJi{^b,) 

we have the coefficient 



-Yl {L Lai) 



(C.14) 

(3) Case three: for the integral 



I {idi)[ede] ^ niIi(^o 



{e\p\emQ\e] {e\PQ\eyufj'{^bjy 
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we have the coefficient 

Cl^^ [La, LUi , LU2 , P, Q] 



N-3 



= E 



HI 



hm 



N-l 



(^1 La,i){ril Ll^li) im La,N] 



RsiVl, Lb!l,N-3: La,N, P] 



(C.15) 



(4) Case four: for the integral 

^3 = J{e d£)[£ de] 

we have the coefficient 
^3^ [Lai LI^, L]^2i P-i Q] 

N-5 T-fN I J- IV T 



= E 



IV 



n^Il(^l La,^) 



(La,i PZ-,i) {Lg^N Lg^i) 

4t iVl La,i){m Ll^i,i) iVl La,N){Vl La,i) 

{La,i Lb!l,i) (PaJ LbA.j) 



R2 [?7i, LI\ P] 



+ 



{La,N La, N-l) 



{La,i LlX -) 



{Vl La,N-l){Vl La,N){Vl ^a,iV-l) ' i<,^_2 (^1 La,N-l){Vl La,i){Vl LI^^^-) 
R3[Vli Ll\f_^, La,N-l, P] + 7 p rKRAiVl, LI\^_^, La,N-l, P]) 



+ {vi ^ lZ ^ Li^,}] . 



(C.16) 
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